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Abstract In this work we investigate the constrained motion of a particle on an ellipse in the frame-
work of two approaches: the standard approach and Dirac’s approach. The Poisson brackets and the
Dirac brackets of the generalized variables are calculated by using Scardicchio’s technique, and it is

observed that there exist nonconserved quantities in the system. On the quantum level, the nonvan-
ishing commutators between the generalized variables lead to the principle of uncertainty. However,
in the limit case of motion on a circle the generalized momentum is found to be a constant of motion.

© 2012 University of Bahrain. Production and hosting by Elsevier B.V. All rights reserved.

1. Introduction

The classical dynamics of a particle constrained to move on an
ellipse is an interesting example of analysing the classical
dynamics of constrained particles. The analysis of such a con-
strained system includes the construction of Dirac brackets be-
tween observable quantities. Moreover, Dirac gave very
general rules to construct the Hamiltonian and calculate sensi-
ble brackets that can be used to describe the classical and, by
the canonical quantization procedure, the quantum dynamics.

In fact, Dirac bracket is a generalization of the Poisson
bracket to correctly treat systems with second class constraints
in Hamiltonian mechanics. The first systematic attempt to pro-
vide mathematically consistent quantization procedure for
constrained systems was given by Dirac (1950, 1964), who de-
rived a formal “replacement” for the canonical Poisson brack-
ets which play today a fundamental role in the canonical
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formalism for constrained Hamiltonian systems on both clas-
sical and quantum levels.

A unified geometric description picture of various Dirac
brackets for regular and singular Lagrangians with holonomic
or non-holonomic constraints has been investigated in refer-
ence (Ibort et al., 1999). A classification of constraints into first
and second class as envisaged by Dirac also emerges naturally
from this picture.

In spite of the considerable attention paid to that formula
in the mathematical literature (Marsden and Ratiu, 1994;
Bhaskara and Viswanath, 1988; Sudarshan and Mukunda,
1974), and several attempts to use the Dirac brackets in the
quantization of gauge invariant systems (Deriglazov et al.,
1996; Ferrari and Lazzizzera, 1997), until recently there were
few attempts to actually use this formalism in more conven-
tional applications.

Nguyen and Turski (2001a,b), recently provided few exam-
ples of these applications in classical and continuum mechanics,
and they proposed a canonical description for constrained dis-
sipative systems through an extension of the concept of Dirac
brackets developed originally for the conservative constrained
Hamiltonian dynamics, to the non-Hamiltonian, namely metric
and mixed metriplectic, constrained dynamics (Nguyen and
Turski, 2001a,b). It turns out that this generalized unified for-
mula for the Dirac brackets is very useful in the description
and analysis of a wider class of dynamical systems.

1815-3852 © 2012 University of Bahrain. Production and hosting by Elsevier B.V. All rights reserved.
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Scardicchio (2002) investigated the Dirac approach to
analyse the classical and quantum dynamics of a particle
constrained on a circle. The method of Lagrange multipliers
is used for quantizing the system.

The paper is organized into four sections. In Section 2 we
discuss the motion of a constrained particle on an ellipse with-
in the framework of the standard approach and the Dirac ap-
proach. In Section 3 we discuss as a special case, the motion on
a circle. In Section 4 we present a conclusion.

2. Particle on an ellipse

Let us treat a particle moving on an ellipse as a constrained
system. We will investigate the motion in the framework of
two approaches: the standard- and the Dirac approach.

2.1. Standard approach

Considering the motion in the horizontal xy-plane, the
Lagrangian that describes the motion of a particle on an ellipse
is expressed as

L= gm(s 4 7) (1)

subject to the constraint

2 2

Xy

Upon using the parametric equations:

x=acosb; y=bsin6 (3)

the Lagrangian (1) then reduced to
1 .
L= Em(a2 sin® 0 + b” cos® 0) 0% (4)

In accordance to the standard procedure for transforming a
Lagrangian system into a Hamiltonian one, we introduce the
generalized momentum
0L

a0
Therefore the Hamiltonian function, formed in accordance
with

Do = m(a®sin” 0 + b* cos® 0)0. (5)

H=p,0-L

becomes

2
H= L : (6)
2m(a? sin” 0 + b” cos? 0)

The Poisson bracket of two dynamical variables u and v is
defined as

g = SR 00w
’ pa dq; Op;  Op; 0q;

where u and v are regarded as functions of the coordinates and
momenta ¢; and p;. The time evolution of a dynamical variable
can also be written in terms of a Poisson bracket by noting that
du X~ 0u dg;  Ou dp, M (Ou OH Ou OH
722<7&+7ﬁ) :2(77,77>

dt ¢ \og; dit ~ Op; di ) 4\q; Ip;  Op; Iy

= {u, H}.

It is easily demonstrated that
1 .
Po={py, H} = 3 (a® — b*)0? sin 26. (7)

However, this result shows that p, is not conserved, i.e., it is
not a constant of motion.

2.2. Dirac’s approach

Using the method of Lagrange multipliers (Goldstein, 2002),
the Lagrangian (1) can be written as
1
L= im()'c2 + %) = Ab X + a*yF — aPbP). (8)
where A is a Lagrange multiplier and treated as an independent
variable.
The conjugate momenta are

oL .
po=0 = mi: ©)
oL .
Py =55 =" (10)
oL
= = ~ 0. 11
P, Py ¢, (11)

where “~” means weak equality in Dirac’s sense. Eq. (11) is
the primary constraint of this system. From Egs. (8)—(11),
the total Hamiltonian is given by
non
_x_|_—’;1+ﬂ.(b2x2+a2y2—azbz)—ﬁ—ulpk (12)
where u; = /. is a Lagrange multiplier. To keep consistency for
the system, all constraints are to be imposed after working out
all Poisson brackets. In order that the system be compatible
with the dynamical evolution, we require all constraints to
be conserved throughout all the time. This requirement is
called a consistency condition. In our case, it is necessary that
b, = é1 ~ 0. We have thus a new constraint (secondary con-
straint) ¢, ~ 0 on the system. Furthermore, we impose the
consistency condition on ¢, = 0. In general, the above argu-
ments continue till either no new constraint turns up further
or a condition on a Lagrange multiplier in the Hamiltonian
is obtained.

In doing so, the consistency condition for the primary con-
straint ¢,

¢ =1{¢1, Hr} = (0% + @ = '}?) (13)

leads to a new secondary constraint, ¢,

¢y = bX* +a’y? — d*b = 0. (14)
The consistency condition for ¢,
. » a
$2 =y, Hry = —Q2xp, — 1) +—(2yp, — 1) (15)
m m
gives a new constraint, ¢
20° 2a° @ + b
¢3:—xp,\-+—ypy—g%0‘ (16)
m m m

And by imposing the consistency condition for the constraint

o3
: 4p* 44 4p* 44
¢3:{¢37HT}:7P§+ p—

ey Py
m m

; (17)

m y

we arrive at a new constraint, ¢4
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4
_ (b*x* + a*y?) =~ 0. (18)

4
— 2ty 2.2 ast
¢ = (P tap) =

In making use of the consistency condition to this constraint

Gu = {pa Hr} =821 = 20xp) [+ L] +82(1 = 20p, ) [ & + 58]
—u A (P )

(19)
we get an equation for u,
(1 —2xp,) [b4 + 2%] +(1=2yp,) [a“ + é%]

u1:2} b22 P
X~ +ay

(20)

Since we regard the constraint equations as strong equa-
tions, one can ignore the term u;¢; from the total Hamilto-
nian. We can also ignore the Lagrangian multiplier term
because of ¢,. So the Hamiltonian becomes the free one

2

_ 2D

Hy=—~+4+—. 21
"7 om " 2m (21)
The above Hamiltonian seems exactly that of uncon-
strained one, and the equations of motion would be the same.
In fact, this is not correct because we will change the canonical
brackets, so that the information of the constrained Hamilto-
nian is included in these new canonical brackets.
The Poisson brackets between the four constraints can be
written in antisymmetric matrix, My = {¢,¢;}, as:
0 0 0 My
0 0 My M
Mo 23 24 7 (22)
0 My 0 My
My My Mg 0O

where

420
My = 5
m

4
My; = — (b4x2 +a*y?);
16 8 @)
Moy =—(b* fyp,) —— (b* + a*);

u = (bxp, +dlyp,) = (0 + d);

16 45 450 164, 4, 4,
My :?(b px+apy) +W(b X +ay )
This matrix is inverted to give another antisymmetric one, G:

0 Gin Gz Gu
1 G21 0 G23 0

G=M"=75 Gy Gu 0 0 | @
Gy O 0 0

where

D = MyMy MMy (25)

is the determinant of M, and the elements of the antisymmetric
matrix G are

Gy = My M3 My;
Gi3 = MyMyuMy;
Gy = —MyuMyMy;
Gy = —MuuMMy,.

It is an important part of Dirac’s development of Hamiltonian
mechanics to handle more general Lagrangians. More ab-
stractly the two forms implied from the Dirac bracket is the
restriction of the symplectic form to the constraint surface in
the phase space. Suppose we have a constrained system repre-
sented by a Lagrangian L and a set of constraints ¢,, ~ 0,
while computing the Hamiltonian and the Poisson brackets
of the system, the constraints must be taken care of. This is
done by the Dirac procedure, where instead of Poisson brack-
ets, the brackets are the Dirac brackets, defined by

(9.2)p = {a-2,} = Y _{a:03Gi{dy.p,}- (27)

Accordingly, the Dirac brackets of canonical variables are gi-
ven as follows:

[’LP}JD =0;
4
[nmbzl—yff%;;
et
ol =~ e = )
mAb:#jiZﬁ=w;
el = 0;
Poplp = —a'h’ (mpy + Dy m)-

From these results some quantities cannot be measured simul-
taneously, this leads to the principle of uncertainty between
these quantities.

We are in a level now to quantize the system. Introduce the
constraint ¢;

$s = 2b%xp, +2d’yp, — (@ + b7) ~ 0 (29)
and using Eq. (3), one can write
—b cos 0 @+ b
== —. 30
Py = sin 0P T 222 sin 0 (30)
The z-component of angular momentum
L.=xp, —yp, (31)
can be written in terms of a generalized coordinate 0 as
—b cos 0 @+ b
L. = 0|— — bsin 0, 32
2 S sin 0 T 2@bsing S PPy (32)
or
—b >+ b
== sin 0P " 2absing °° 0 (33)
Thus, the x-component of linear momentum reads
—sin6 cos 0
= L.+ @+ b
px b z 2ab2 ( )
—asin 0 (34)

B @ sin® 0 + b* cos? 01)9.
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When using canonical quantization with a constrained
Hamiltonian system, the commutator of the operators is set
to fhtimes their classical Poisson bracket i.e., quantization pro-
ceeds by the replacement {q,p,} = 5 ¢, p,]. Therefore the com-
mutation relations between the quantum operators x, y and p,
give

2
v, p.] = m% sin2 0 = m%’ (1 - :—) (35)
[v,p,] = —ilisinOcos 0 = —ih%. (36)

Similarly, the y-component of linear momentum reads

bcos6

2, g2

+bh) )= 37
(a ) @ sin” 0 + b* cos? OPO (37)

_ —cosHL +siné)
= 7 2a2h
and the commutation relations between the quantum opera-
tors x, y and p, give

. _ )

[x,p,] = lh%, (38)
b x? b )

wpl=ih—-—==ih—1—-=). 39
R S (Y (39)
Finally, the commutation relation between py, and p, gives

ih ih
[px?py] - _ELZ - _%(xpy - yp\)
—ih

— p.. 40
@ cos? 0 + b’ sin” OPO (40)

3. Motion on a circle

If a = b, the equation of constraint, Eq. (2), is reduced to an
equation of a circle of radius a

X4yt =d (41)

Making use of Eq. (40), the z-component of angular momen-
tum can be written as

ab

= 42
" a?cos? 0 + b sin? 9p0 (42)
and in the limit ¢ = b, it reduces to
L. = Do (43)

This result shows that the conjugate momentum, py, represents
the z-component of the angular momentum, and by using Eq.
(7), it becomes a constant of motion in the classical limit.

Moreover substituting Egs. (34) and (37) in Eq. (21), we get
2

Py
= . 44
2m(a? cos? 0 + b” sin” 0) (44)
In the limit ¢ = b, this Hamiltonian reduces to
2
) L (45)

T 2ma?

which commutes with pj i.e., it is also a constant of motion in
the quantum level.

Finally, one can show that the Dirac brackets Eq. (28) con-
cide exactly with those obtained by Scardicchio (2002) in the
limit ¢ = b.

4. Conclusion

We consider a constrained motion of a particle on an ellipse
using the standard approach and Dirac’s approach. In the
standard approach we calculate the time evolution of the
dynamical variable py, and the result shows that this quantity
is not a constant of motion. However, in Dirac’s approach we
evaluate the Dirac brackets between the phase space variables,
and we get results that differ from the corresponding Poisson
brackets between the same generalized variables.

At the quantum level, the nonvanishing commutators be-
tween the generalized variables, lead to the uncertainty princi-
ple for such variables. Hence, there exist nonconserved
quantities in the system. In the limit @ = b which is the case
of a constrained motion on a circle, the conjugate momentum,
Do, becomes a conserved quantity.

In the future we hope to study the constraint motion in
three dimensions such as the motion of a particle on an ellip-
soid besides the motion on a sphere.
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