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Abstract

Reverse Polish Notation (RPN) is vital in evaluating machines' mathematical expressions. Further,
it has many important applications. For more than 50 years, RPN Shunting Yard was utilized to
evaluate mathematical expressions written infix notation. Most resources recommend using the
Shunting yard algorithm to convert infix to RPN notation. In this paper, we proposed a variant
shunting yard algorithm named Transfer Yard algorithm (TY) that transfers infix expression to
RPN. The proposed algorithm has the advantage of using an array structure with minimum stack
operations. The array structure is proved to have better performance in compassion of utilizing
stack memory. Actually, utilizing array structure benefits of random access. In the proposed
algorithm, we utilized the array to arrange operators’ precedency so we can perform transformation
in an efficient way. We implemented the proposed algorithm and compared its performance with
the Shunting Yard algorithm. To achieve a highly accurate comparison, we designed experiments
that minimize any artifact that would affect the results. For that purpose, we repeated the
experiment in the same environment more than thousand time and selected the lowest time to
represent the execution time for those inputs. Furthermore, both algorithms are tested with variable
inputs. Results show that the proposed transfer yard algorithm's performance is significantly better
than the performance of the Shunting Yard algorithm.

Keywords: Transfer Yard Algorithm; Shunting Yard Algorithm; Reverse Polish notation (RPN);
infix notation; postfix notation.

1. Introduction

The mathematical expression is standard in programming language. Each programming language
contains an expression or string. The mathematical expression has three formats: infix
expression, postfix expression, and prefix expression. For example, the (+ a b) is a prefix; AB +is
a postfix; A + B is an infix expression. Infix expression notation is a human-readable format but
postfix and prefix is machine-readable format. The machine can easily evaluate the result
according to this prefix and postfix format. The vision of this research is to evaluate the infix
expression without parenthesis in mathematical postfix format with the minimum number of
stack operations. Consider the following expression as an example with a polynomial expression
of degree 2.

The problem of evaluating mathematical expressions is a fundamental concern of computer
science. There lies a great importance of efficiently evaluating the mathematical expressionsin a
computer program. As computer modeling and simulation became prominent, there is a huge



extent of dealing with mathematical equations in the computer program. Inmost of the scientific
computation algorithms, initial estimates of the variables are iteratively refined to reach a
solution to the formal mathematical problem. Mathematically complicated initial guess
estimates are very common during the simulation, and there is usually a number of repeated
guesses. This is also visible in most of the data analysis procedures using least square methods.
Finally, a computer needs to evaluate complicated expressions to generate such variables. To
evaluate the expression contained big mathematical equations, a simple and efficient evaluator
is desired.

Mathematical expressions evaluation, simplification, and transferring between different
notations are fundamental in many applied and theoretical sciences. With many wonderful
applications and wide popularity in the scientific community, Jan Lukasiewicz [1] invented Polish
notation (PN) in 1924, which is commonly known as a prefix notation (Also called Polish prefix
notation, Normal Polish Notation, Lukasiewicz notation, and Warsaw notation). Reverse polish
notation (RPN) which is another name for polish postfix notation or postfix notation, becomes a
complementary part of many computer science textbooks [2]-[6]. Moreover, it becomes the core
of many technological applied techniques, such as scientific calculators, compilers, numerical
methods, geometry, bioinformatics, genetic programming rules, etc [37-40]. Reverse Polish
Notation (RPN) is a bracket-free notation that deduces the operator's presidency problem, makes
expressions easier to be evaluated by machine, and proves excellent advantages over most other
notations.

Postfix solves the precedency problem. Therefore, comparing to infix notation, postfix
notation is the middle way to final computation. Moreover, we can develop a straightforward
computer algorithm to evaluate postfix expressions. On the other hand, infix notation was
traditionally used in mathematics and all other scientific fields. Actually, Infix notation is closer
to human logical thinking. Therefore, it leads to the necessity of having an excellent algorithm to
convert infix notations to postfix notation and vice versa. The conversion between notations is
vital to fill the gap between human logic and machine simplified computation. Table 1 shows
examples of expressions written using infix notation and their equivalence expression in postfix
notation.

Table 1: Mathematical expressions written in infix and the equivalent postfix.

Infix Postfix (RPN)
3+5*2-(6/3) 352*+63/-
5+4*3/(1-5)"2"3 543*+15-23""/+
4*(5+4/2) + 3”2 4542/+*32"+

Shunting yard algorithm [7, 8] is one of the most populor solutions that convert infix
expressions to postfix ones. It converts mathematical expression utilizing one stack and one queue.
Shunting yard algorithm relies on stack operations (push and pop) heavily. Indeed, it performs
many stack operations to accomplish infix to postfix conversion, where stack operation consumes
many machine cycles and extra memory space. Thus, micro machines with limited memory can
convert a limited size of mathematical expression.



The mathematical shunting yard algorithm parses numbers and operators in the form of infix
expression to postfix expression with operator precedence. This grammar has extra stack
operations to handle parentheses in this unoptimized form. The existing approach evaluates the
mathematical expression which handles polynomial and matrix without operator precedence.
The existing postficaptor contains a small gap of stack operations. The investigator will design a
new mathematical infix to the postfix expression evaluator with minimum stack operations which
can expand the mathematical expression in postfix easily. The mathematical grammar of this
proposed approach can handle the polynomial and matrix format expression without operator
precedence. The mathematical postficaptor contains two innovative ideas such as transfer yard
and empty parentheses. Empty parentheses is employed to eliminate excess stack-push
operation in shunting-yard algorithm and transfer yard is utilized to change shunting-yard
grammar without parentheses. The designed approach is post-fix equivalent of the existing
shunting yard which can ensure correctness [41].

In programming, a set of rules (grammar) is used to define a language. There are many
programming languages, text based scripting languages (PHP, Perl, JavaScript) or markup
languages (HTML, XML). Some languages are tree based visual languages (Scratch, IBasic,
Applnventor) where programming is done by creating and assembling blocks together. All these
languages consist of a set of valid tokens. Instructions can be composed using these tokens.
However, the composition must comply with the rules defined by the grammar. When a code is
written in a programming language, it is usually first checked in the grammar according to a
given set of rules. If the code complies with the grammar rules, it is translated into machine
code necessary to be executed. Otherwise, a compilation error is produced, listing unexpected
tokens and expected ones.

Input expressions are often given in infix format where operators are situated between
operands: A + B. The Operator Precedence is determined by a precedence hierarchy defined in
the set of grammar rules. Output expressions may be given in postfix format where operators
are situated after their operands: I: A B +. It is common to use operator stack stack for parsing
infix expressions. On the parsing process, the stack saves operators and parenthesis. Output
stack saves postfix form operands and their operators. There are different implementations of
the algorithm with and without operator stack and with or without output stack. Some
implementations are more efficient than others according to a defined usage scenario. The one
with the output stack is the most memory demanding approach [41].

2. Related works

Since Shunting yard algorithm was appeared [8], many enhancements and extensions were
suggested [9, 10]. Further, the algorithm and its enhancements were utilized in many applications
and fields such as PKR by Rastogi et al. [9]. The PKR algorithm applies two additional rules for
operators' comparison, where accordingly, the algorithm decides to keep the operator inside the
stack or pop it out to the output. For example, assume that we have the following operation as part
of an expression (... A * B - C ....), after pushing the subtract operator to the stack, the algorithm
scans the last two items in the stack where they are '-" and **',. Then, according to the first rule, the
algorithm pops and implements multiplication. Krtolica et al. extend shunting yard algorithm



usability by few steps to make shunting yard algorithm accepting transferring comma-separated
multi parameters functions [10]. Tiwari et al. introduce a multi-threaded algebra system, where
they use RPN and shunting yard in the expression evaluation part [11].

Many applications, across various industries, heavily rely on the Reverse Polish Notation
(RPN) and the Shunting Yard algorithm as fundamental components of their computational
processes[12]-[17]. These algorithms have proven to be incredibly efficient and reliable for
carrying out complex mathematical operations and logical evaluations.

One of the earliest instances of the RPN being utilized was in the first calculator ever
designed by Hewlett-Packard in 1968[18]. This groundbreaking calculator ingeniously employed
the RPN methodology to effortlessly perform all the necessary calculations. Shortly after, in 1972,
Hewlett-Packard released the remarkable HP-35, a handheld scientific calculator that
revolutionized the field[4]. The HP-35 is widely regarded as the first portable scientific calculator.

The significance of RPN extends far beyond calculators. It plays a crucial role in the field
of computer science, specifically in compilers. Compilers, which are essential tools for converting
high-level programming languages into machine code, often adopt the RPN as an initial step to
transform infix notations into a more manageable format. This conversion allows for smoother
processing and optimization of the code.

RPN's versatility is further exemplified in its application within the Postscript language.
Postscript, a programming language primarily used for describing and rendering text documents,
incorporates RPN as a key component. This integration enables the representation of complex
document structures and enhances the overall readability and understandability of the syntax.

Beyond computer science and software engineering, RPN has also found its place in
business domains. Avarm[19], a notable authority in the field, proposes a comprehensive approach
to formalizing business rules using computational formulas. In this context, both RPN and XML
are employed as foundational principles, ensuring that these formulas are intelligible to both
humans and machines. This exemplifies how RPN can bridge the gap between human-readable
and machine-readable representations, offering a practical solution for various business
applications.

In conclusion, the extensive utilization of the Reverse Polish Notation (RPN) and the
shunting yard algorithm spans across a wide range of applications and industries. From calculators
and compilers to programming languages and business domains, RPN consistently serves as a
robust and efficient methodology for performing complex operations and facilitating clear
communication between humans and machines. Its time-tested reliability and versatility continue
to make it an indispensable tool in the ever-evolving world of computing and technology.

Furthermore, Avarm is conducting research to explore the neural underpinnings of how
hierarchical structures are constructed at different levels of hierarchy within the cognitive domains
of language and mathematics. RPN (Reverse Polish Notation) is also being used in cognitive brain
sciences. For example, Makuuchi et al. are employing RPN to elucidate the precise nature of
mental arithmetic [20].

Furthermore, biology simulation and bio-inspired technologies are other examples of reverse
polish notation applications. Reverse polish notation conditional expressions have been used in
each production role, and Lindenmayer systems inspired a new method to develop genetics



generated by neural networks; Neural networks are used to control robots of spiders to follow
compass [21]. Dhenakaran studied RPN utilization in Cryptography using RPN [22]. Dhenakaran's
work suggested scramble cryptography by extending reverse polish notation to use characters for
both operations and operands. This algorithm reserves few characters as operations and the
remaining as operands. RPN was used to test paralleled Genetic Programming (GP) operations. A
reverse polish notation interpreter and randomized sub-selection form were used to test 22 peta
GP operations/day on parallelized GPU using 14 workstations. The measured performance was
marvelous; it is twenty times the best speed of the fastest previously published GP and more than
sixty times that of the best-reported performance of the next fastest genetic programming on a
single GPU system [23]. Zeng et al. [24] proposed auto programming for numerical data,
"Remnant-standard-Deviation guided Gene Expression Programming (RD-GEP)." They presented
and studied K-expression to reverse polish notation code generation without expression tree
construction algorithm (K2RPN) and remnant-standard-deviation based fitness evaluation method
in RD-GEP. Furthermore, RPN has applications in Datamine and data reverse engineering
applications. Vanderbeek [25] suggested using RPN instead of infix notation in education.
Vanderbeek recommended RPN as a teaching tool to help build a solid computational foundation.
He suggests that RPN forces a shift in responsibility for operations order from the person
performing the calculation to the person notating the calculation. Since each operation given in
RPN creates implied parentheses around the two previous values, the skill of translating infix to
RPN becomes essential. Thus, once an expression is correctly written in RPN, it can be quickly
calculated with a low probability for error [26].

An extension of the learning classifier system, XCS is used to recombine and mutate classifiers
[27], [28]. RPN expressions and stack-based Genetic Programming represent XCS classifier
conditions. In contrast with other extensions of XCS involving tree-based Genetic Programming,
the applied representation produced conditions that are linear programs, interpreted by a virtual
stack machine (similar to a pushdown automaton), and recombined through standard genetic
operators [27]. One solution to generate Catalan numbers is the reverse polish method, in which
the sum would be presented as a string [29]. In fact, the reverse polish string can be formed for
any product simply by deleting all left parentheses and substituting X for all right parentheses.
Therefore, the string (a((bc)d)) has reverse Polish string abcXdXX [29].

The Bioinformatics field utilizes RPN to extract discriminant rules from oligopeptides for protease
proteolytic cleavage activity prediction. The extract discriminant algorithm is developed using
genetic programming. The algorithm has three essential components: min-max scoring function,
RPN, and minimum description length [36] The min-max scoring function is developed using
amino acid similarity matrices to measure the similarity between an oligopeptide and a rule, which
is a complex algebraic equation of amino acids rather than a simple pattern sequence. The Fisher
ratio is then calculated on the scoring values using the class label associated with the oligopeptides.
The discriminant ability of each rule can therefore be evaluated. The use of RPN makes the
evolutionary operations more straightforward and thus reduces the computational cost [30]. In
[31], RPN was utilized to predict congestive heart failure timing errors asynchrony. In this study,
the robustness is measured by an iterative program based on RPN to test the degree of asynchrony
derived from an individual segment analysis.



In geometry, RPN is utilized to solve the convex polygon triangulation problem. Stanimirovi¢ et
al. Presented an algorithm for convex polygon triangulation based on the reverse Polish notation
[32]. They successfully showed how to apply the reverse Polish method in this area of symbolic
computation.

Terris et al. used RPN to create a functional calculator, where python programming language and
object-oriented paradigm were used [33]. Krtolica et al. also suggested a symbolic derivation
method without a need for expression trees [34]. The expressions in RPN have unary pair functions
and their compositions. These types of manipulation can be applied to symbolic computation areas,
such as symbolic differentiation, polygon triangulation, elimination of redundant parenthesis [34].

Gruber et al. propose a new standard form for regular expressions. Reverse polish notation length
was used with the alphabetic width of a regular expression as a measurement [35]. They showed
that every regular alphabetic expression with n could be converted into a non-deterministic finite
automaton with ¢-transitions of size at most 42/5n + 1, which results in an optimal bound.

3. Shunting Yard Algorithm

The Shunting Yard is a classic CS algorithm developed by Dr. E. W. Dijkstra in the early 1960s.
It interprets a mathematical expression (usually in infix notation) and creates a reverse polish
notation equivalent (postfix) while preserving operator precedence. The Shunting Yard algorithm,
which is also known as Reverse Polish Notation (RPN), utilizes one stack and one output queue to
transfer infix notation to postfix notation. Algorithm (1) shows the pseudocode for the Shunting
Yard algorithm. If we consider the machine level when using push and pop operations, we can see
that when we use push, we first need to load data from the stack and then compare it. In contrast,
when we use pop, we compare first and then retrieve the data from the stack. This means that using
stacks requires two steps, while using arrays allows for a more straightforward process, as arrays
allow for direct comparison of their members at the machine level without the need for additional
steps. Furthermore, the pop and push disturb the cpu pipeline. Thus, the cost of array access
instructions is less than the cost of pop and push instruction.

4. The Proposed Algorithm: Transfer Yard

The proposed Transfer Yard algorithm utilizes an array to accomplish infix to postfix Transfer.
Unlike the Shunting Yard algorithm, which is mainly designed to utilize the stack, the proposed
algorithm utilizes only the stack for pre-brackets operation. Indeed, the proposed algorithm
benefits from using an array through elements' direct access. For example, accessing an element
in location n from the top of the stack requires n pop and push operations. While utilizing an array,
accessing an element in position n in the array requires only one operation.

Moreover, the proposed algorithm uses operations position in the utilized array to indicate its
presidency. Therefore, the proposed algorithm increases the performance by benefiting from the
direct access of arrays. Algorithm 2 shows the pseudocode for the proposed algorithm where a
Boolean array and in-place stack are utilized.

In-place stacks use infix expressions with tokens and minimum space for stack operations. This
approach helps to reuse lost and unused memory for stack operations.



4. Implementation and Evaluation

To evaluate the proposed algorithm, we implemented it in two different environments utilizing c#
and python. For a comparison purposes, we also implemented Shunting Yard as shown in
Algorithm 1. We utilized Microsoft Visual Studio 2022 Professional. Microsoft Visual studio has
been installed on personal computer with Intel Core™ 17-12700, 2.11GHz processors, and 16GB
RAM. The input for the proposed Transfer Yard and Shunting Yard algorithm are infix
expressions. The infix expressions are generated randomly with variable lengths. The first row of
Table 1 shows the generated infix sizes (x); the size of expressions length ranges from 16 to 2024
character. The same expression is converted to postfix utilizing both algorithm and the running
time was measured. To eliminate and artifact that affect the measured value, we conducted the
following steps:
1- We stopped and disabled all unnecessary tasks and services
2- Disconnect the computer from the Internet and stopped all communication services.
3- To ensure minimum overheads, we developed a Console application for implement
Shunting Yard and the proposed Transfer Yard algorithms.
4- The algorithms is executed 1500 times for each expression and we selected the minimum
measured execution time to represent execution time for this expression.
5- Step 4 is repeated 500 times, and then the minimum execution time from all results is
considered the execution time. Moreover, the standard deviation for all measured results
were calculated.

The measured execution time for each expression size is shown in Table 1. The standard deviations
for all experiments were less than 0.1. Figure 1 depicts the measured time for both algorithm with
respect to expressing size.

To parametrize the comparisons between the two algorithm, we defined two performance measures
Time% and performance. Which defined as

p shunting yard time 100% 1)
= X
erformance Transfer Yard time 0

and

_ Transfer Yard time (2)
Time % = , — X 100%
Shunting yard time

The two performance measures have been calculated for each expression size. Figure 2 shows the
Performance and Time% and proves the superiority of the proposed algorithm.



Algorithm 1: The pseudo code for Shunting Yard algorithm.

Algorithm 1: Shunting Yard

Input: IE: is an expression written in infix order
Output: PE: is an expression written in Postfix order
1 begin {main}

2 t: is a token in the IE expression

3 St: is temporary stack

4 while IE has more token then

5 t = read token from IE

6 if isOperand(t) then

7 PE.enqueue (t)

8 else if t is left parenthesis then

9 St.push(t)

10 else if isOperator (t) then

11 if precedence(t) > precedence (St.top())

12 St.push (t)

13 Else

14 repeat

15 PE.enqueue (St.pop())

16 until (St.top() is left parenthesis)
isEmpty (St)

17 else if t is right parenthesis then

18 repeat

19 PE.enqueue (St.pop())

20 until (St.top() is left parenthesis)

21 end {while}

22 while (!isEmpty(st))

23 PE.enqueue (St.pop ()
24 end {while}

25 end {main}

then

Or




Algorithm 2: The pseudo code for proposed Transfer Yard algorithm.
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9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41

Input IE:
X
Output: PE:

1 begin {main}

tokens

list ops
op

prop
output
prop =0

Algorithm 2: Transfer Yard Algorithm (TYA)

is an expression written in infix order
the index to start parsing from

is an expression written in Postfix order

is the 1list of tokens in the IE start from x
to the end of expression

An array of operations ordered by precedency
The index of current operation

The highest precedency appeard till now

the subexpression in Postix order

For (i = x to tokens.length)

t =

op =
if t

tokens (1)

0

is open paranthesis then
i++

output.append (TYA (i, IE) )

else if t is close parenthesis then

for (k = 4 to 2 step -1)

if list ops[prop] != ' ' then
PE.append(list ops[prop])
list ops[prop] = '

X = i
return output

else if isdigit(t) then

else

end {For}

output.append (t)

//t 1is an operation

if t == '/’ or == ‘*’ then op = 3

else if ¢t == ‘+/ or t == ‘-’ then op = 2

else if ¢t = '’ then op = 4

if prop = 0 then list ops[op] = t

else if list opslop] <= list ops[prop] then
while (op <= prop)

if list ops[prop] != ' ' then
output.append(list ops|[prop])
list ops[prop] = '
prop--
list ops[prop] = t;

prop = op

for (k = 4 to 2 step -1)
if list ops[prop] != ' ' then

output.append (list ops[prop])

prop--

End {for}

PE = output

return PE

42 end {main}




Table 2: Experimental results for Shunting Yard and the proposed Transfer Yard algorithm.

Expr size (X) 16 32 64 128 256 512 1024 2048
Expr size (2°x) 4 5 6 7 8 9 10 11
Shunting yard
Alg. 5.55 10.16 20.27 | 40.08 80.19 | 161.19 | 321.28 | 695.66
Transfer Yard
Alg. 4.64 6.59 14.48 27.67 54.31 | 107.55| 213.29 | 460.32
Time % 83.51% | 74.66% | 71.45% | 69.05% | 67.33% | 66.72% | 66.39% | 66.17%
Performance 119.7% | 133.9% | 140.0% | 144.8% | 148.5% | 149.9% | 150.6% | 151.1%
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Figure 1: Measured time (MS) for Shunting Yard and Transfer Yard with respect to expression size.
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Figure 2: Time % and Performance for the propose Transfer Yard performance with respect
to shunting Yard algorithm.
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5. Conclusion

This paper has proposed a novel algorithm that is an alternative to Shunting yard algorithm. The
proposed algorithm reduces the utilization. It actually utilizes an array structure in storing the
operations and compare operator precedency. The proposed use random access memory instead of
stack memory. Actually, the proposed algorithm has boosted performance by replacing heavy
stack and most stack operations with Boolean array. The Boolean array is faster to test if an
operator is already passed or not, and to drift an operator to its presidency index directly without
the overhead of pushing and popping operations. The proposed algorithm in implemented utilizing
two programming languages to measure its performance. In addition, the known shunting yard
algorithm was implemented in the same manner. The results of the proposed algorithm outperform
the result of shunting yard algorithm. Finally, we emphasize that a paralyzed and a hardware
implementation of the proposed algorithm will be more efficient and boost results.
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