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Abstract: This paper presents the improvements that can be achieved through the additional constraints in the design of highly sparse
arrays beamforming. The design of a highly sparse array beamformer is an optimization problem of multivariable functions and its
performance depends on the given conditions. For a uniform linear array (ULA), the Output Signal to Noise Ratio (OSINR) is a
linear function of antenna elements of the array. However, this linearity is not consistent in various antenna array environments. This
deviation can be minimized by selecting an optimal sparse array with a lesser number of elements than that are actually required by an
ULA. In this paper, a two-step procedure has been presented to find an optimal solution for designing a highly sparse antenna array
beamformer with sidelobe control. Furthermore, to avoid the grating lobes and minimize the mutual coupling between the elements an
additional degree of freedom in the form of separation between antenna elements is added to the optimization problem. Simulations
results provided in the paper reveals that sparse arrays with the additional conditions are better in comparison with the arrays without
constraints in terms of sidelobe level, grating lobes and mutual coupling.
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I. Introduction
Adaptive beamforming is a key technology of array

signal processing that is used to receive the signal of interest
and counteracting interfering signals simultaneously. It has
been widely employed in diverse fields such as wireless
communication, satellite navigation, radar, sonar, cognitive
radio, etc. [1]. A well known classical adaptive beamformer
was proposed by Capon, named as minimum variance distor-
tionless beamformer (MVDR)[2]. Various classical, as well
as state of the art beamformers, have been mostly confined to
the case of ULA, but to reduce the complexity of a system,
non-uniform arrays and sparse arrays can be used instead
of ULA [3], [4], [5]. Sparse arrays are created by choosing
some antenna elements from the entire antenna array and
only the chosen elements are used for further computation.
The antenna elements of the sparse array are chosen to meet
a certain objective. OSINR is an important metric to evaluate
the performance of a beamformer and it is a function of the
array configuration [6]. In the literature, various sparse array
configurations were designed for different objectives such as
beamwidth control, sidelobe control, OSINR maximization,
etc. [7], [8], [9], [10], [11]. In [11], [12], the antenna
elements were selected to maximize the OSINR. Though

the optimized array configuration provided the maximum
SINR but not able to control the sidelobes. High sidelobes
were seen in the beampattern obtained from the optimal
configuration. Hence, to enhance the performance of beam-
formers in the interference active environment, sidelobes
should be controlled along with maximizing the OSINR. In
recent years, various approaches have been developed for
suppressing the sidelobes [13], [14], [15], [16], [17], [18].
But these algorithms were applied to linear arrays and can
only suppress the sidelobes. The author of [19] had provided
a formulation for sparse array designing which can suppress
sidelobes but 70% elements of the full array were used in the
proposed sparse array configuration. OSINR for a uniform
linear array is not a linear function of the number of antenna
elements for some specific environments and this motivates
us to improve the linearity in sparse arrays. This can be
further improved by adding additional constraints and degree
of freedom. Apart from this, the control on the sidelobes has
been given less importance so far by the researchers and this
paper presents a slightly improved solution to beamforming
with additional constraints. In this work, firstly a highly
sparse array is designed for maximizing the OSINR then
optimal weight vector with additional constraints to control
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sidelobe level is calculated. Finally, to avoid the grating lobes
and minimize the mutual coupling between the elements,
an additional degree of freedom as the distance between
antenna elements in the array is added to the proposed opti-
mization problem. This paper is organized in the following
manner. Section 2 presents the mathematical formulation
of the Minimum Variance Distortionless Response (MVDR)
beamformer. The reformulation of MVDR beamformer with
regards to sparse arrays along with mathematical formula-
tion of additional constraints in the reformulated MVDR
beamformer and distance variations are also done in this
section. Section 3 presents the numerical simulations for
the reformulations mentioned in section 2. Finally, section
4 presents the conclusions of the numerical simulations and
the future scope of this analysis.

II. SignalModel and Problem Formulation
A. Signal Model

It is considered that P number of signals are impinging
the array of M antenna elements and the received signals
can be represented as Eq.1. These P signals can be split into
interference signals and desired signals. Eq. 1 is indicating
one desired signal impinging at angle of θo and P − 1
interfering signals impinging at ϕi for i = 1 to i = P − 1.
At any particular time instant t, the received signals at the
particular antenna element can be written as

x(t) = so(t)a(θo) +
P−1∑
i=1

si(t)a(ϕi) + n(t) (1)

where so(t) denotes the signal of interest (SOI) and si(t)
is the interference signal. Along with SOI and interference,
noise is also received at the elements and is denoted as n(t).
The SOI and interference signals are incident from θo and
[ϕ1, ...., ϕP−1] directions on the antenna array. The steering
vectors of SOI and interference signal are denoted as a(θo)
and a(ϕi), respectively. The covariance matrix R̂ is depicted
in Eq. 2 that is based on theory is derived by adding the
covariance matrix of the SOI and the covariance matrix of
the interference and noise

R̂ = Rs + Ri+n = σ
2
0a(θ0)a(θ0)H +

P−1∑
i=1

σ2
i a(ϕi)a(ϕi)H + σ2

nI

(2)
where σ2

0 , σ2
i and σ2

n are the SOI’s power, ith interference
signal power and noise power respectively. In practice, the
covariance matrix is determined from received samples on
the antenna elements and for Ns samples it can be expressed
as

R =
1
Ns

Ns∑
t=1

x(t)xH(t) (3)

The output of the adaptive beamformer is expressed as

y(t) = wH x(t) (4)

where w is the antenna weight vector that is used to achieve
beamforming i.e more energy is directed towards the desired
signal and less or no energy towards the interference direc-
tion. In beamformer applications, it is required to minimize
the noise and interference power to maximize the OSINR.
The mathematical formulation for this maximization can be
formulated as in Eq. 5 which is very well known and referred
to as standard Capon beamformer (SCB).

min wH Rw s.t. wH a(θ0) = 1 (5)

Lagrange multiplier is utilized to simplify the Eq. 5 and the
final result is depicted in Eq. 6.

w =
R−1a(θ0)

a(θ0)H R−1a(θ0)
(6)

Eq. 5 is used generally in uniform linear arrays and the
same can be used even in sparse arrays if the steering
vectors are known in advance. The steering vectors are
primarily decided by the location of the antenna elements.
MVDR beamformer can also be extended to sparse arrays
by modifying the steering vectors according to the locations
of the antenna elements. Here the main difference is the
reduction in the dimensions of the steering vectors.

B. Improvements in standard Capon beamformer
The standard Capon optimization problem specified in

Eq. 5 has been modified and reformulated in order to
have multiple constraints in the optimized beampattern that
will be equally applicable to the sparse arrays. Eq. 5 can
be used for uniform linear arrays and non-uniform linear
arrays. Since the emphasis of this paper is on the analysis
of sparse arrays, sparse arrays are designed by maximiz-
ing the OSINR. In order to control the sidelobe levels
while maximizing the OSINR, the additional constraint has
been placed on the standard minimization problem. The
additional constraints are placed on the region of interest
(ROI) that includes he entire beampattern region except main
lobe region. Let the ROI includes the angles ranges from
[ψ1....ψ2] ∪ [ψ3....ψ4]and a(ROI) is the respective steering
vector. Now, a matrix of steering vectors AROI is formed
that contains steering vectors for every angle of ROI. To
control the sidelobe level, the response of ROI is constrained
to the specified value ϵ. This problem has been modified and
formulated as

min
w

wH Rw
sub ject to

wH a(θ0) = 1∣∣∣wHAROI
∣∣∣ <= ϵ

(7)

In general, the spacing between the antenna elements in
arrays is considered to be half-wavelength. This is primarily
to avoid the grating lobe. The grating lobe in the uniform
linear arrays can be avoided by limiting the distance be-
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tween the antenna elements to be less than half wavelength.
Another important parameter in the antenna array is the
mutual coupling between its elements. Due to the mutual
coupling effect, the element responses interfere with each
other. The effect of mutual coupling becomes noteworthy as
the separation between the elements is decreased because
more closer the elements are the more they interfere with
each other. So, its effect can be minimized by increasing the
inter-element spacing beyond half wavelength.

Now, to deal with grating lobes and mutual coupling
effect, the optimization problem in Eq. 7 has been further
modified to include another degree of freedom by adding the
separation of elements d from a set of distances between the
elements.To vary the distance a variable n is introduced in
the formulation. n is an integer whose range is [0 4] such
that the distance can be varied from 0.25λ to 0.75λ. This
range is chosen such that the distance between elements is
not so small which is not practically possible and not too
large as the large distance between the elements makes the
physical length of the array very large.

min
w

wH Rw
sub ject to

wH a(θ0) = 1
|wH AROI | <= ϵ

d ∈
{
0.5λ ± n λ

16 , n = 0 to 4
} (8)

III. Numerical Simulations
A. Environment chosen for the Numerical simulations

In the numerical simulations three different interferences
are considered which are occurring at three different fre-
quencies fi1 = 2.9 GHz, fi2 = 3.1 GHz and fi3 = 3.2 GHz
respectively. These three interferences impinging the array
at angles ϕ1 = 76, ϕ2 = 83 and ϕ3 = 101with powers of
20 dB , 20 dB and 30 dB respectively. It is assumed that
the desired signal is coming at an angle of θo = 90 with
frequency fS OI = 3.0 GHz. The signal to noise ratio (SNR)
is set to 0 dB.

B. ULA and Sparse arrays analysis for maximizing the
OSINR
The OSINR for MVDR beamformer with optimal weight

vector w given in Eq. 6 is expressed as

OS INR =
σ2

0|w
H a(θ0)|2

wH Ri+nw
(9)

Utilizing the weight vector w from Eq. 6 in Eq. 9, the OSINR
can be written as

OS INR = IS NRa(θ0)H R−1
a a(θ0) (10)

where, the input signal to noise ratio (ISNR) and Ra are
given as

IS NR =
σ2

o

σ2
n

(11)

Ra =
Ri+n

σ2
n
= I + σ−2

n TRiTH (12)

where T is the interference array manifold matrix and Ri is
the interference covariance matrix. The inverse of Ra can be
evaluated by utilizing matrix inversion lemma

R−1
a = I − T(R j + THT)−1TH (13)

where R j = σ
2
nR−1

i . The OSINR for different uniform linear
arrays of size N for the above mentioned environment is
obtained using the expression mentioned in Eq. 14.

OS INR = IS NR[N − a(θ0)T(R j + THT)−1TH a(θ0)] (14)

From the expression in Eq 14, it can be noticed that
the variation of OSINR as a function of the number of
elements is linear. To have more clarity, OSINR is evaluated
by varying number of antenna elements in ULA. The number
of elements in the array (N) are varied from N = 2
to N = 40 with half-wavelength spacing between them.
The Fig. 1 and Fig. 2 display the actual and expected
relationship between the OSINR and number of antenna
elements. From where, it is observed that the OSINR is not
linear for the given environment, and in fact, its deviation
is more at lower number of elements. At N = 12 elements,
the difference between the expected OSINR and obtained
OSINR is about 3dB. Since this paper addresses the sparse
arrays, this characteristic plays an important role in the
selection of the number of antenna elements required to have
better performance according to the existing environmental
conditions.
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Figure 1. Variation of OSINR(linear) with number of elements
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Figure 2. Variation of OSINR(dB) with number of elements

In order to have the effect of selection of less number of
elements in the uniform linear array, the patterns are obtained
for two selections with reduced number of elements. The
beampatterns obtained for N = 8 and N = 16 are displayed
in Fig. 3. From this figure, it is clear that the uniform linear
array may not work properly in the given environment. There
is a shift in the main beam direction when number of antenna
elements is reduced to 8 that is clear from the Fig. 4. In order
to have a comparison with [11] OSINR and validate the
numerical simulations, the number of elements in a uniform
linear array has been chosen as N = 16.
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Figure 3. Beampatterns for N=8 and N=16 uniform linear arrays

C. Design of optimal sparse array structure/configuration
Since the uniform linear arrays are not able to provide

a reasonable beampattern and even the OSINR, the sparse
arrays have been explored and the OSINR for optimal sparse
arrays from N = 8 to N = 16 has been presented in section
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Figure 4. Beampatterns for N=8 and N=16(no shift) uniform linear
arrays

3.4. In other words, the sparsity has been observed from
50% to full array. It is observed that for each sparsity, there
is an optimal location vector of the antenna array for each
K. The OSINR for these optimal arrays for each K has
been observed and the OSINR in this case varies linearly
in comparison with the full uniform linear arrays of size K.
The optimal array structure/ configuration is determined on
the basis of OSINR and the procedure is explained is as
follows:

1) Select K number of antenna elements from the total
antenna elements in the array (N).

2) Search all possible combinations C(N,K) and calculate
the OSINR using Eq. 14 for all possible combinations.

3) Finally, the configuration/ antenna structure that pro-
vides maximum OSINR is selected and called as
optimal configuration.

Now, sparse arrays are constructed by selecting K=8,9
antenna elements from N=16 elements. The OSINR is eval-
uated for all possible combinations of C(16,8) and C(16,9).
The OSINR of each possible configuration for K=8 and K=9
is depicted in Fig. 5. From the figure it is observed that
there is a difference of approximately 9dB is the OSINR
of best and worst array configuration. The sparse array
configurations with maximum OSINR for K=8 and K=9 are
as follows:

[1 3 6 7 9 11 13 16] K = 8 (15)

[1 4 5 7 9 10 11 14 16] K = 9 (16)

Now, beampatterns are obtained with best array configu-
rations given in Eq. 15 and 16. The beampatterns for K = 8
and K = 9 are represented in Fig. 6. The weights for each
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Figure 5. OSINR of all sparse array configurations for K=8

of the best sparse array has been obtained and the antenna
beampattern is observed for each sparsity. It is observed that
the highly sparse arrays are producing higher sidelobe levels
near the outside of the interested region. From Fig. 6, it is
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Figure 6. Optimal beampatterns for K=8 and K=9

also observed that the sidelobes near the main beam are
above -10 dB, and in some cases, it is required to have
the sidelobe levels lower than -10 dB depending on the
requirement. Hence, these additional constraints have been
placed on the beampattern to lower the sidelobe levels. These
conditions are chosen such that from 30o to 150o with an
increment of 5o by leaving the interference and main beam
angles. These angles are [30o 70o] ∪ [110o 150o ].

The additionally constrained patterns have been repre-
sented in Fig. 7 for K = 8 and K = 9. From this figure,
it is observed that K = 8 is able to meet the required
conditions of having less than -10 dB near the main beam

direction even though the beampattern is dominant at the far
away angles from the main beam. This observation has also
suggested to introduce another degree of freedom in terms
of distance as the dominant side lobe is occurring at the far
away angles from the main beam. This can be considered as
the emergence of the grating lobe. The antenna elements in
the array are separated by the distance of half wavelength
and this distance is mainly chosen to avoid the grating lobe.
Since the sparsity considered in this paper is emphasized on
sparsity around 50%, this spacing condition to avoid grating
lobe can be relaxed. The grating lobe in the uniform linear
arrays can be avoided by restricting the distance between
the antenna elements to be less than half wavelength. This
can be relaxed in sparse arrays as the distance between the
elements can be varied depending on the selection of the
antenna positions.
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Figure 7. Additionally Constrained Optimal beampatterns for K=8
and K= 9

D. Analysis with Distance Variations
In order to observe the variation of beampattern with

the distance between the antenna elements in the sparse
array, few numerical simulations have been carried out by
varying the distance between the elements. The separations
have been considered to be multiples of λ/16 (0.0625λ)
from 0.3750λ to 0.6250λ. The other samples with reasonable
patterns are maintained at distances of 0.4375λ, 0.5000λ,
and 0.5625λ. Fig. 8 represent the sparse arrays with K = 8
for different element spacing and from this, it is observed
that at a distance of 0.4375λ, the pattern is much flat
for the entire visible region except the main beam. The
zoomed version of the main beams is given in Fig. 9 from
where it can be seen that d=0.4375λ is the only distance to
produce main beam towards the exact DOA of SOI. Fig.
10 represent the similar pattern for K = 9. In comparison
with K = 8, the sidelobe levels outside the interested region
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Figure 9. Beam-patterns of optimal sparse arrays with K=8

are reasonably suppressed by approximately 1dB for all the
distances. However, for a distance of 0.5625λ, the pattern
appears to be good in comparison with the other distances. A
comparison of constrained and unconstrained beampatterns
for a distance of 0.4375λis made and the corresponding
results are shown in Fig. 11 and Fig. 12 respectively. From
the figures it is observed that the better optimal solution is
with K = 8 as the pattern for K = 8 is improved response
as compared to the unconstrained response.

A similar numerical analysis has been performed for
expanded lengths. Fig. 13 and Fig. 14 represent the beampat-
terns for larger separations for K = 9 only. Here K = 8 is not
able to provide a solution meeting all the requirements and
has an infeasible solution with K = 8. From these figures,
it is observed that the beampattern is distorted for higher
values of separation between the elements.
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Figure 10. Beam-patterns of optimal sparse arrays with K = 9
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Figure 11. Reduced distance of separation with d = 0.4375λ for
K = 8 and K = 9
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From these numerical simulations, it has been validated
that the improvement in the beampattern can be obtained by
using the sparse arrays with additional constraints.

E. OSINR observations
To evaluate the performance of sparse arrays OSINR is

calculated by varying the number of antenna elements from
N = 8 to N = 16 and the results are shown in Fig. 15. From
the figure, it is clearly visible that the OSINR of sparse array
follows the expected OSINR whereas ULA is not able to
provide the expected OSINR with less number of elements.
In order to examine the effect of separation between the
antenna elements on the OSINR, the distance is varied
for two different scenarios. In the first case, the OSINR
is calculated for distances of less than half wavelength
and then the distances of more than half wavelength are
considered. The simulation results for two different scenarios
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Figure 15. Comparison of OSINR of sparse arrays and ULAs

are depicted in Fig. 16 and Fig. 17. From the Fig. 16, it is
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Figure 16. Variation of output SINR for sparse arrays with distance
less than half wavelength

observed that as the distance between the antenna elements
decreases beyond half wavelength the OSINR also decreases.
Now, the effect of an increase in the distance after a half
wavelength is also studied and it is observed from the Fig.
17 that with the increase in distance the OSINR decreases.
The optimal distance in terms of best OSINR for both the
scenarios is half wavelength only.

F. A step by step procedure to design an efficient sparse
beamformer with an extra degree of freedom, distance
between the elements.
The following procedure is outlined after few numerical

simulations.

1) Obtain the best positions for the sparse array with uni-
form spacing of half wavelength between the elements.
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Figure 17. Variation of output SINR for sparse arrays with distance
more than half wavelength

2) The incorporate additional constraints based on the
environment of the antenna.

3) The constraints are supposed to be chosen that there
is a reasonable grating lobe appears at the far away
angles from the main beam. This can be considered to
be back-lobe.

4) Finally with the above constraints, reduce the distance
between the elements to obtain the best possible beam-
pattern to maximize the OSINR while controlling the
sidelobe levels.

It has also been observed that the linear search of K = 8
to K = 16 revealed that the first element and last element
are always active in the best possible sparse arrays. This
indicated that the physical length of the array has a say in
deciding the maximum OSINR. The simulation has indicated
that the same performance can be obtained with the reduced
distance (Compact sparse array) by increasing the OSINR
for a uniform linear array itself.

IV. Comparative analysis
A comparative study of various state-of-the-arts with the

proposed method is depicted in Table I. The parameters
taken for comparison are sparsity, SLL and OSINR. The
method of [11] used only 50% of antenna array elements
and is capable of suppressing the sidelobes but OSINR is
less in comparison to the considered methods. The OSINR is
improved in [12] at the cost of increased sidelobes with 57%
of antenna elements.Furthermore, the method proposed in
[19] is not able to suppress the sidelobes even though 70% of
its antenna elements are used. In comparison, the proposed
method utilized only 50% of antenna elements and improved
OSINR by approximately 11% and 58% compared to [12]
and [11], respectively. The proposed method also yields
suppressed sidelobes in interested region, as the obtained

SLL is less than −20dB. Therefore, the proposed array
configuration is preferred over other methods for achieving
good OSINR performance as well as for the lower sidelobes.

TABLE I. Comparative analysis of various methods.

Methods ↓ Sparsity SLL OSINR
X.Wang et al. [11] 50% −15dB 7.5dB
X.Wang et al. [12] 57% above −10dB 10.68dB
Z.Zheng et al. [19] 70% above −10dB NA

Proposed work 50% below −20dB 11.89dB

V. Conclusion
The numerical simulations presented in this paper in-

dicate that for sparse arrays, OSINR, along with sidelobe
control over the region of interest, can be further improved
by properly defining the additional constraints. The locations
of the optimal sparse arrays have been obtained by a linear
search. Along with this, the distance between the antenna
elements has been used as another degree of freedom to
control the sidelobe levels. From the analysis, it is presented
that with the introduction of additional carefully designed
constraints, an optimal sparse array can be designed to meet
the stringent specifications for an antenna array. The proce-
dure to design an efficient sparse array has been formulated
from the careful observation of numerical results. This work
can be further improved by using an optimal searching
algorithm for optimal sparse array configuration instead of
linear search.
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