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Abstract: Recently, many researchers have developed various classes of continuous probability distributions which can be generated 

via the generalized Pearson differential equation and other techniques. In this paper, motivated by the importance of the power series in 

probability theory and its applications, we derive some new classes of univariate exponential power series distributions for a real-

valued continuous random variable, which we call exponential power series distributions. Various mathematical properties of the 

proposed classes of distributions are discussed. Based on these distributional properties, we have established some characterizations of 

these distributions as well. It is hoped that the findings of the paper will be useful for researchers in the fields of probability, statistics 

and other applied sciences. 

2010 Mathematics Subject Classifications: 33C15; 60E05; 62E15. 
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1. INTRODUCTION 

Probability distribution of a continuous random variable plays an important role in both pure and applied sciences. 
Various systems of distributions have been constructed to provide approximations to a wide variety of distributions.  The 
development of the general theories of the normal distributions began during the 18th century with the work of de Moivre 
in his studies of approximations to certain binomial distributions for large positive integer n . Afterward, further 

developments have been continued from the 19th century to date with the contributions of many well-known researchers 
and scientists, among them Legendre, Gauss, Laplace, Bessel, Bravais, Airy, Schols, Galton, Helmert, Tchebyshev, 
Edgeworth, Pearson, Markov, Lyapunov, Charlier, Gosset, Amoroso, Fisher, Burr and Johnson, are notable. For a 
detailed account of these, including historical and chronological development, the interested readers are referred to Patel 
et al. [18], Patel and Read [19] and Johnson et al. [15, 16] among others. These systems are designed with the 
requirements of the ease of computations and feasibility of algebraic manipulations.  To meet the requirements, there 
must be as few parameters as possible in defining a member of the system.   

 
As stated above, one of these systems is the Pearson system of distributions.  A continuous distribution belongs to this 

system if for a real-valued continuous random variable X  with its   probability density function (pdf) f  satisfies a 

differential equation of the following form  

                                            
 

 
2

1 df x x a

f x dx bx cx d


 

 
,                                                                                          

where a , b , c , and d  are real parameters such that f  is a pdf . The shape of the pdf  depends on the values of 

these parameters, based on which, Pearson  classified the probability distributions into a number of types known as 
Pearson Types I – VI, see Pearson [21, 22].  Later in another paper, Pearson defined more special cases and subtypes, 
known as Pearson types VII - XII, see Pearson [23]. Many well-known distributions are special cases of Pearson type 

http://www.uob.edu.bh/english/pages.aspx?module=pages&id=2922&SID=684


 

 

64       M. Ahsanullah, et. al.:  New Classes of Univariate Continuous Exponential …   
 

 

http://journals.uob.edu.bh 

distributions which include normal and student t  distributions (Pearson type VII), beta distribution (Pearson type I), 

gamma distribution (Pearson type III) to mention a few. 

In recent years, for a real-valued continuous random variable X  , many researchers have considered generalizations 
of the above Pearson differential equation, known as generalized Pearson system of differential equation (GPE), given by 
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xdf
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,                                                                                                    

where m  and n  are positive integers and the coefficients ja ’s and jb ’s are real numbers.  The system of continuous 

univariate pdf 's generated by GPE is called a generalized Pearson system of distributions which, as intended by 

Pearson, includes a vast majority of well-known continuous pdf 's with  proper choices of the parameters ja ’s and jb

’s, including those which belong to Pearson system of distributions. For a detailed account of these, including most 
recently developed distributions based on GPE, the interested readers are referred to Shakil et al. [24 – 27], Hamedani 
[12, 13], Ahsanullah et al. [2], Lee et al. [17], Shakil and Singh [28] and references therein.  

The objective of this paper is to derive some new classes of univariate distributions for a real-valued continuous 
random variable based on the GPE involving some power series. The organization of the paper is as follows. In 
Section 2, we derive our new classes of univariate power series distributions. Section 3 contains some properties and 
characterizations of the proposed distribution. In Section 4, we provide some concluding remarks. 

 

2. SOME NEW CLASSES OF UNIVARIATE CONTINUOUS EXPONENTIAL POWER SERIES 

DISTRIBUTIONS  

Power series plays an important role in probability theory and its applications. For example, the class of discrete 
distributions such as the binomial, geometric, logarithmic, negative binomial and Poisson distributions is constructed 

from power series, see Patil [20]. Let X  be a real-valued continuous random variable. Let 
k

kk xc

0 , 

k

kk xa

0  and 

k

kk xb

0  be the power series which are uniformly convergent in   , , where k  is a non-negative integer, sck


, 
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
 and   sbk


 are real numbers, 0ka  for at least one Nk  (set of natural numbers), kk ba   for all k . Let 

k

k

n
k xc 0  denote the partial sum of order Nn  of the power series 

k
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
0 . Let 

k
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  denote the Laurent 

series. In this paper, we will consider the following cases of the GPE involving the power series:  
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 

 
0,

1
0

0

0 







 a
xa

xb

dx

xdf

xf k

k

n
k

k

k

n
k

; 

Case (VI): 
 

 
0,

1
0

0

0 









 a

xa

xb

dx

xdf

xf k

kk

k

kk
. 

 

2.1 Derivation of Proposed Classes of Distribution: In what follows, by using Case (VI), we will prove our main 

Theorem 2.1.1, as given below. Please note that Case (VI) embodies all Cases (II) – (III) and (V). Similar to Case (VI) 

(Theorem 2.1.1), we can also have the distribution based on other cases. For proving our main Theorem 2.1.1, we need 
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first to state a Lemma (Lemma 2.1.1, below), see, for example, Bromwich [5, pages 136 – 138], Courant and John [6, 

page 556], Gradshteyn and Ryzhik [11, page 14], among others. 

 

Lemma 2.1.1  Let 
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Theorem 2.1.1 Let X  be a real positive continuous random variable with pdf  f(x).. Let 
k
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Then the solution to the differential equation (1) is given by 
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denotes the normalizing constant. 

Proof.   From Lemma 2.1.1, we have 
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Theorem 2.1.2 The cumulative distribution function (cdf) of the positive continuous random variable X , with the 

probability density function given by (2), is  
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where C  denotes the normalizing constant given by (3), and the coefficients jkh , ’s are given by  
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The corresponding cdf  )(xFX  from (9) is given by 
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where C  denotes the normalizing constant given by (3).  This completes the proof of Theorem 2.1.2.  

 

Remark 2.1.1: In the above Theorems 2.1.1 and 2.1.2, we can easily remove the restrictions on the positive real 

continuous random variable X , which we can take as a real continuous random variable also. 

    

As an illustration, we consider the probability density function in (2) with 10 a  and 1kc  so we have  
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for which, the graph of the pdf is given in the following Figure 1. It appears from Figure 1 that the proposed distribution 

is skewed to the right.  
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Figure 1. pdf 

 
 

2.2 Some Distributional Properties of the Proposed Distribution 
 

2.2.1 Distributional Properties: It is obvious from (2) that the mean, variance, skewness, and kurtosis of X  are 

mathematically intractable. However, using Eq. (10), we can easily find the expressions for the survivor function, the 

hazard function and the cumulative hazard function on the support of X . 

 

2.2.2 Distributional Relationships: It should be noted that, in  (1), since the pairs of the series are not unique, using 

ratio of two different power series, the solution of differential equation (1) will result in various types of power series, 

and thus, we can have various exponential power series distributions for different values of coefficients, as stated in 

Cases (I) – (VI). For example, removing the restrictions on the positive continuous random variable X , the following 

are some examples of exponential power series distributions for different values of coefficients, which can easily be 

derived, for different values of coefficients in  (1). 
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which is the pdf of the circular distribution. 
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3.  PROPERTIES AND CHARACTERIZATIONS 

In this section, we provide some properties and characterizations of the proposed distribution. 

 
3.1 Convexity and Infinite Divisibility: Here, we shall prove the convexity and infinite divisibility of the proposed 
distribution with the probability density function given by (2) via imposing certain restrictions on the coefficients, for 
which we shall first need the following Lemmas. 

Lemma 3.1.1 (see Deshpande [7, page 208]): Any power series   k
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  
!

0

n

P
a

n

n  .  

Lemma 3.1.2 (see Webster [30, page 197]): Let :f  be a real-valued and twice differentiable function on an 

open interval   of the real line  . Then f  is convex if and only if   0// xf  for all x  in I .  

Lemma 3.1.3 (see Webster [30, page 207]; Boyd and Vandenberghe [4, page 104]): Let :f  be a real-valued 

function on an open interval   of the real line  . Then f  is log-convex if   0xf  for all x  in I  and its 

logarithm, :log f , is convex.  

Lemma 3.1.4 (see Steutel and Harn [29, page 117]): Let F  be a distribution on   with   00 F , having a 

density f  that is log-convex on  ,0 . Then F  is infinitely divisible.  

 

Theorem 3.1.1 Let X  be a positive continuous random variable with the following probability density function  
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We have    xfln  is a twice differentiable function on  b,0  with 
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  xfln   is convex on  b,0 . It follows from Lemma 3.1.3 that the probability density function  xf  as given in 

(11) is log-convex on  b,0 . Hence, by Lemma 3.1.4, it is infinitely-divisible. This completes the proof of the 

Theorem 3.1.1.   
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Remark 3.1.1 Let X  be a positive continuous random variable, with the probability density function f  as given by 

     .0,0   ,exp
1









 



kk

n

k

cxxcCxf k  

Then, by Bondesson [3], the probability density function  xf  is infinitely-divisible. Also, see Hamedani [14].  

 

3.2. Characterizations: The problem of characterizing a distribution is an important problem in various fields which 

has recently attracted the attention of many researchers.  These characterizations have been established in many 

different directions. This subsection deals with various characterizations of our new distribution. These 

characterizations are based on a simple relationship between two truncated moments. It should be mentioned that for the 

characterizations given here the cdf need not have a closed form, as in our case here. We believe, due to the nature of 

the cdf, there may not be other possible characterizations than the ones presented in this subsection. Our first 

characterization result borrows from a theorem due to Glänzel [8], see Theorem 3.2.1 below. We refer the interested 

reader to Glänzel [8] for a proof of Theorem 3.2.1. Note that the result holds also when the interval H  is not closed. As 

shown in Glänzel [9], this characterization is stable in the sense of weak convergence. 
 

Theorem 3.2.1 Let  P,, F  be a given probability space and let  edH ,  be an interval for some ed  , 

 allowed be  wellasmight    ,  ed . Let HX :  be a continuous random variable with the 

distribution function F  and let g  and h  be two real functions defined on H  such that 

          HxxxXXhxXXg  , |  | EE , 

is defined with some real function  . Assume that  HChg 1,  ,  HC 2  and F  is twice continuously 

differentiable and strictly monotone function on the set H . Finally, assume that the equation gh   has no real 

solution in the interior of H . Then F  is uniquely determined by the functions g , h  and  , particularly 

   
 

     
   duus

uguhu

u
CxF

x

a
 exp 




  


, 

where the function s  is a solution of the differential equation 
gh

h
s






 

 




 and C  is the normalization constant, such 

that 1 dF
H

. 

Remark 3.2.1 The goal is to have as simple functional form for  x  as possible. For the detailed explanation of this 

goal, please see Glänzel [10].  

 
 We now present our first characterization of (2) in terms of a simple relationship between two truncated moments. We 

assume 0a  and 0c  are positive constants. 

 

Proposition 3.2.1 Let   ,0:X   be a continuous random variable and let   

 


















 


1

1

0 1

1
exp kk

k x
k

c

a
xh  and    xhxxg   for 0x .  The random variable X    belongs to the 

family (2)  if and only if the function   defined in Theorem 3.2.1 has the form 

    0   ,
0

0  xx
a

c
x .                                                                                                   (13) 
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Proof. Let X  be a random variable with density (2) , then 

        0   , | 1 0

0

0

0 


xe
c

aC
xXXhExF

x
a

c

, 

and 

        0   , | 1
0

0

0

0 0
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
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


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xx
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c
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aC
xXXgExF

x
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c

, 

and finally, 

          0     0
0

0  xforxh
a

c
xgxhx . 

Conversely, if   is given as above, then 

   
   

     
0,

0

0 



 x

a

c

xgxhx

xhx
xs




, 

and hence, 

    0   ,
0

0  xx
a

c
xs . 

Now, in view of Theorem 3.2.1, X  has a density (2).  

Corollary 3.2.1 Let   ,0:X    be a continuous random variable and let  xh  be as in Proposition 3.2.1. The 

pdf of  X  is (2) if and only if there exist functions g  and   defined in Theorem 3.2.1 satisfying the differential 

equation 

                
   

     
0,

0

0 



x

a

c

xgxhx

xhx




.                                                                     (14) 

The general solution of the differential equation in (14)  is 

              
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1
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0
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 , 

where D  is a constant. Note that a set of functions satisfying the differential equation (14) is given in Proposition 3.2.1 

with 0D .  However, it should also be noted that there are other triplets  ,, gh   satisfying the conditions of 

Theorem 3.2.1. 

 

4.  CONCLUDING REMARKS 
 

This paper introduces a new univariate class of continuous probability distributions based on a generalized Pearson 

differential equation involving the ratio of two power series, which we call an exponential power series distribution. 

Various mathematical properties of the proposed class of distributions are discussed. We hope that the findings of this 

short article will be useful in many applications.   
 

ACKNOWLEDGEMENTS 
 

First of all, we would like to thank the anonymous reviewer(s) for their valuable time for careful reading of our 

above paper, and their positive and constructive comments, which improved the quality, presentation and readability of 

the paper in our revision. Part of the paper was initiated in 2011 when this problem was proposed by Professor 

Hamedani to the third author, M. Shakil, while preparing his presentation, “On Some New Classes of Pearsonian 

Distributions”, for 2011 Joint Statistical Meetings, Miami, Florida, USA, see Shakil et al. [27]. The third author is also 

thankful to the Miami Dade College for giving an opportunity to serve this college, without which it was impossible to 

conduct his research. Last but not least, he would like to dedicate this paper to his late parents, brothers and sisters. 



 

 

72       M. Ahsanullah, et. al.:  New Classes of Univariate Continuous Exponential …   
 

 

http://journals.uob.edu.bh 

REFERENCES  
 

[1] Abramowitz, M., and Stegun, I. A. (1970). Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical 

Tables. National Bureau of Standards, Washington, D. C. 

[2] Ahsanullah, M., Shakil, M., and Kibria, B. M. G. (2013). On a probability distribution with fractional moments arising from 

generalized Pearson system of differential equation and its characterization. International Journal of Advanced Statistics and 

Probability, 1 (3), 132 - 141. http://dx.doi.org/10.14419/ijasp.v1i3.1435. 

[3] Bondesson, L. (1979). A general result on infinite divisibility, The Annals. of Probability, 7, 965 - 979. 

[4] Boyd, S., and Vandenberghe, L. (2004). Convex Optimization (First edition). Cambridge University Press, 

Cambridge, UK.  

[5] Bromwich, T. J. I’a (1908). An Introduction to the Theory of Infinite Series. Macmillan and Co., Ltd., London, UK.  

[6] Courant, R., and John, F. (1965). Introduction to Calculus and Analysis (Vol. 1). John Wiley and Sons, Inc., New York, USA. 

[7] Deshpande J. V. (2004). Mathematical Analysis and Applications: An Introduction, (First Edition). Alpha Science Intl. Ltd., 

UK. 

[8] Glänzel, W. (1987). A characterization theorem based on truncated moments and its application to some distribution families, 

Mathematical Statistics and Probability Theory (Bad Tatzmannsdorf, 1986), Vol. B, Reidel, Dordrecht, 75 - 84. 

[9] Glänzel, W. (1990). Some consequences of a characterization theorem based on truncated moments, Statistics: A Journal of 

Theoretical and Applied Statistics, 21 (4), 613 - 618. 

[10] Glänzel, W., Telcs, A., and Schubert, A. (1984). Characterization by truncated moments and its application to Pearson-type 

distributions, Z. Wahrsch. Verw. Gebiete, 66, 173 - 183. 

[11] Gradshteyn, I. S., and Ryzhik, I. M. (1980). Table of Integrals, Series, and Products (6th edition). Academic Press, San Diego. 

 

[12] Hamedani, G. G. (2011). Characterizations of the Shakil-Kibria-Singh Distribution. Austrian Journal of Statistics, 40 (3), 201 – 

207. 

 

[13] Hamedani, G. G. (2013a). Characterizations of Certain Continuous Distributions. In Multiscale Signal Analysis and Modeling 

(pp. 297-316). Springer, New York, USA. 

[14] Hamedani, G. G. (2013b). On Generalized Gamma Convolution Distributions. Journal of Applied Mathematics, Statistics and 

Informatics, 9(1), 5-14. 

[15] Johnson, N. L., Kotz, S., and Balakrishnan, N. (1994). Continuous Univariate Distributions, (Volume 1, Second edition). John 

Wiley and Sons, New York. 

[16] Johnson, N. L., Kotz, S., and Balakrishnan, N. (1995). Continuous Univariate Distributions, (Volume 2, Second    Edition). 

John Wiley and Sons, New York. 

[17] Lee, Carl, Felix Famoye, and Ayman Y. Alzaatreh (2013). Methods for generating families of univariate continuous 

distributions in the recent decades. Wiley Interdisciplinary Reviews: Computational Statistics 5, No. 3, 219 - 238. 

[18] Patel, J. K., Kapadia, C. H., and Owen, D. B. (1976). Handbook of Statistical Distributions. Marcel Dekker, Inc.,   New York & 

Basel. 

[19] Patel, J. K. and Read, C. B. (1982). Handbook of the Normal Distribution. Marcel Dekker, Inc., New York, USA.  

[20] Patil, G. P. (1986). Power series distributions. In Encyclopedia of Statistical Sciences. (Eds., S. Kotz and N. L. Johnson), John 

Wiley & Sons, New York, USA. 

[21] Pearson, K. (1895). Contributions to the mathematical theory of evolution, II: Skew variation in homogeneous material. 

Philosophical Transactions of the Royal Society of London, A186, 343 - 414. http://dx.doi.org/10.1098/rsta.1895.0010. 

[22] Pearson, K. (1901). Mathematical contributions to the theory of evolution X: Supplement to a memoir on skew of variation. 

Philosophical Transactions of the Royal Society of London. Series A, Containing Papers of a Mathematical or Physical 

Character, 197, 343 - 414. http://dx.doi.org/10.1098/rsta.1901.0023. 

[23] Pearson, K. (1916). Mathematical contributions to the theory of evolution, XIX: Second supplement to a memoir on skew of 

variation. Philosophical Transactions of the Royal Society of London. Series A, Containing Papers of a Mathematical or 

Physical Character, 216, 429 - 457. http://dx.doi.org/10.1098/rsta.1916.0009. 

http://dx.doi.org/10.14419/ijasp.v1i3.1435
http://dx.doi.org/10.1098/rsta.1895.0010
http://dx.doi.org/10.1098/rsta.1901.0023
http://dx.doi.org/10.1098/rsta.1916.0009


 

 

                                                                    Int. J. Comp. Theo.  Stat.  3, No. 2, 63-73 (Nov-2016)                            73 

 

 

http://journals.uob.edu.bh 

[24] Shakil, M., and Kibria, B. M. G. (2010a). On a family of life distributions based on generalized Pearson differential equation 

with applications in health statistics. Journal of Statistical Theory and Applications, 9(2), 255 - 282. 

[25] Shakil, M., Singh, J. N., and Kibria, B. M. G. (2010b). On a family of product distributions based on the Whittaker functions 

and generalized Pearson differential equation. Pakistan Journal of Statistics, 26(1), 111 - 125. 

[26] Shakil, M., Kibria, B. M. G., and Singh, J. N. (2010c). A new family of distributions based on the generalized Pearson 

differential equation with some applications. Austrian Journal of Statistics, 39 (3), 259 – 278. 

[27] Shakil, M., Kibria, B. M. G., and Singh, J. N. (2011). On Some New Classes of Pearsonian Distributions. In JSM Proceedings, 

Physical and Engineering Sciences Section. Alexandria, VA: American Statistical Association, pp. 881 - 895. 

[28] Shakil, M., & Singh, J. N. (2015). A note on a new class of generalized Pearson distribution arising from Michaelis-Menten 

function of enzyme kinetics. International Journal of Advanced Statistics and Probability, 3(1), 25 - 34. 

[29] Steutel, F. W., and Harn, K. V. (2004). Infinite Divisibility of Probability Distributions on the Real Line. Marcel Dekker, 

Inc., New York, USA.  

[30] Webster, R. (1994). Convexity. Oxford University Press, Oxford, UK. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 


