
Journal of the Association of Arab Universities for Basic and Applied Sciences (2017) 23, 57–65
University of Bahrain

Journal of the Association of Arab Universities for

Basic and Applied Sciences
www.elsevier.com/locate/jaaubas

www.sciencedirect.com
ORIGINAL ARTICLE
Quintic spline collocation method for fractional

boundary value problems
* Corresponding author.

E-mail addresses: toghazala2003@yahoo.com (G. Akram),

hiratariq47@gmail.com (H. Tariq).

Peer review under responsibility of University of Bahrain.

http://dx.doi.org/10.1016/j.jaubas.2016.03.003
1815-3852 � 2016 University of Bahrain. Publishing services by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Ghazala Akram *, Hira Tariq
Department of Mathematics, University of the Punjab, Quaid-e-Azam Campus, Lahore 54590, Pakistan
Received 5 November 2015; revised 5 February 2016; accepted 13 March 2016

Available online 19 April 2016
KEYWORDS

Fractional boundary value

problems;

Caputo derivative;

Quintic spline;

Collocation method
Abstract The spline collocation method is a competent and highly effective mathematical tool for

constructing the approximate solutions of boundary value problems arising in science, engineering

and mathematical physics. In this paper, a quintic polynomial spline collocation method is

employed for a class of fractional boundary value problems (FBVPs). The FBVPs are expressed

in terms of Caputo’s fractional derivative in this approach. The consistency relations are derived

in order to compute the approximate solutions of FBVPs. Finally, numerical results are given,

which demonstrate the effectiveness of the numerical scheme.
� 2016 University of Bahrain. Publishing services by Elsevier B.V. This is an open access article under the

CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

The idea behind fractional derivatives (and integrals) is no
more new now. Fractional derivative gives a perfect aid to
characterize the memory and hereditary properties of various
processes and materials, therefore differential equations of

fractional order are being used in modeling of electrical and
mechanical properties of various real materials, rock’s
rheological properties, and in many other areas. The most of

the differential equations of fractional order do not have
analytical solutions, this is the main reason for finding new
numerical methods for the solutions of fractional differential

equations becomes a hot topic for the research community.
An extensive research has been carried out to obtain the
numerical schemes which are numerically stable for both linear
and nonlinear differential equations of fractional order.
Many authors used the spline technique to establish the
accurate and efficient numerical schemes for the solution of

boundary value problems. For example, Siddiqi and Akram
constructed many numerical schemes with the help of different
spline functions such as polynomial splines and non-

polynomial splines for the solution of various BVPs (Siddiqi
et al., 2007; Siddiqi and Akram, 2008, 2007). Also, Akram
and Aslam (2016) established the Adomian decomposition

method (ADM) and the reproducing kernel method (RKM)
for the solution of fourth order three-point boundary value
problem. The theory of FBVPs has received considerable
interest in recent years. The interest towards the theory of

existence and uniqueness of solutions to FBVPs is apparent
from the recent publications (Ahmad and Nieto, 2009; Bai,
2010; Zhang, 2006). FBVPs occur in the explanation of many

physical stochastic-transport processes and in the inspection of
liquid filtration which arises in a strongly porous’s medium
(Taukenova and Shkhanukov-Lafishev, 2006). Also, boundary

value problems with integral boundary conditions establish a
very fascinating and predominant class of problems. Two,
three, four, multi point and nonlocal boundary value problems
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are the special cases of such problems. Cellular systems and
population dynamics are some phenomena in which boundary
conditions of integral type occur (Chen et al., 2010). Analysis

and representation of many physical systems demand solutions
of fractional boundary value problems. Recently, a great
amount of effort has been employed in attempting to find

stable and robust numerical and analytical methods in order
to solve FBVPs (Al-Rabtah et al., 2012; Akram and Tariq,
2015; Almeida and Bastos, 2015; Doha et al., 2011; Edwards

et al., 2002; Ford et al., 2014; Jin et al., 2015, 2016; Kumar
et al., 2015a,b; Nouri and Siavashani, 2014; Rehmana and
Khan, 2012; Secer et al., 2013; Seifollahi and Shamloo, 2013).

The fourth order boundary value problem explains an

elastic-bending-beams’s static deflection through a nonlinear
loading (Gupta, 1988). It also depicts a prototype-equation’s
steady state for phase transitions in systems of condensed

matter (Grinstein and Luther, 1976) and is helpful in under-
standing traveling waves in a suspension bridge (Lazer and
McKenna, 1990). In this paper, consider the following fourth

order boundary value problems for linear fractional differen-
tial equations:

yð4ÞðxÞ þDapðxÞyðxÞ ¼ gðxÞ; x 2 ½a; b�; ð1Þ
subject to

yðaÞ � A1 ¼ yðbÞ � A2 ¼ y00ðaÞ � B1 ¼ y00ðbÞ � B2 ¼ 0; ð2Þ

where Ai; Bi; i ¼ 1; 2 are real constants. The functions pðxÞ
and gðxÞ are continuous on the interval ½a; b� and Da denotes

fractional derivative in Caputo’s sense. In general, the analyt-
ical solution of Eqs. (1) and (2) cannot be obtained for
arbitrary choices of pðxÞ and gðxÞ. The problem Eq. (1) arise

in the plate deflection theory. When a ¼ 0, Eq. (1) is reduced
to the classical fourth order boundary value problem.

In this study, Caputo’s fractional derivative is used. This

operator is widely applied in modeling of the material’s
mechanical properties, modeling of the viscoelastic behavior,
signal processing, diffusion problems, bioengineering and
mathematical finance models etc. Also in this study, we focus

on providing a numerical scheme, based on quintic polynomial
spline collocation method, to solve fourth order boundary
value problems for linear fractional differential equations.

Quintic polynomial spline scheme is commonly used in
order to solve differential equations. If the solutions of FBVPs
are needed at various locations in the given region then the

spline solutions guarantee to give the information of spline
interpolation between mesh points. Also the strong advantage
of this scheme is to provide smooth continuous approximations
to exact solutions at every point of the range of integration.

The paper is organized as follows: some preliminaries of
fractional calculus are given in Section 2. In Section 3, quintic
polynomial spline method is developed for the solution of frac-

tional differential equation. The matrix form of the proposed
scheme is discussed in Section 4. In Section 5, numerical results
are given to compare and illustrate the efficiency of the method.

2. Preliminaries

There are several definitions to the generalization of the notion
of fractional differentiation. Riemann–Liouville and Caputo’s
are most common definitions. But Caputo’s approach is suit-
able for real world physical problems because it defines integer
order initial conditions for fractional differential equations.

The Riemann- Liouville left and right fractional integral of
order a > 0 is defined as

IaaþyðxÞ ¼
1

CðaÞ
Z x

a

ðx� sÞa�1
yðsÞds; x > 0

and

Iab�yðxÞ ¼ � 1

CðaÞ
Z x

b

ðx� sÞa�1
yðsÞds;

respectively. Also, Caputo’s fractional derivative of order a is

defined as

DayðxÞ ¼ Im�aDmyðxÞ;
where Dm is ordinary differential operator.

If a > 0; m� 1 6 a < m; d > �1; m 2 N; k; l 2 R and

yðxÞ is continuous function, then the following results hold:

DaC ¼ 0; C is constant

DaðkyðxÞ þ lqðxÞÞ ¼ kDayðxÞ þ lDaqðxÞ

Iaxd ¼ Cðdþ 1Þ
Cðdþ 1þ aÞx

dþa
Theorem 1. Let 0 < a < 1 and assume that f and g are analytic
on ða� h; aþ hÞ. Then

Da
a½fg�ðxÞ ¼

ðx� aÞ�a

Cð1� aÞ gðaÞðfðxÞ � fðaÞÞ þ ðDa
agðxÞÞfðxÞ

þ
X1
k¼1

a
k

� �
ðIk�a

a gðxÞÞDk
a fðxÞ:

For more properties of fractional derivatives, we refer to

(Diethelm, 2010; Kilbas et al., 2006; Lakshmikantham and
Vatsala, 2008; Ortigueira and Machado, 2015; Ortigueira
and Trujillo, 2012; Podlubny, 1999).
3. Quintic spline functions

Let xi ¼ ih i ¼ 0; 1; . . . ; n; h ¼ b�a
n
; n > 0

� �
be grid points of

the uniform partition of ½a; b� into the subintervals ½xi�1; xi�.
Let yðxÞ be the exact solution of Eq. (1) and Si be an approx-

imation to yi = y(xi) obtained by the spline function Ti(x)
passing through the points (xi, Si) and (xi+1, Si+1). Consider
that each quintic polynomial spline segment TiðxÞ has the
following form:

TiðxÞ ¼ aiðx� xi�1Þ5 þ biðx� xi�1Þ4 þ ciðx� xi�1Þ3

þ diðx� xi�1Þ2 þ eiðx� xi�1Þ þ fi; ð3Þ

i ¼ 1; 2; . . . ; n, along with the requirement that TiðxÞ 2 C 4½a; b�
and

SðxÞ ¼ TiðxÞ 8x ½xi�1; xi�; i ¼ 1; 2; . . . ; n: ð4Þ
In order to develop the consistency relations between the

values of spline and its derivatives at knots, let
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Tiðxi�1Þ ¼ Si�1; TiðxiÞ ¼ Si;

T
ð2Þ
i ðxi�1Þ ¼ Mi�1; T

ð2Þ
i ðxiÞ ¼ Mi;

T
ð4Þ
i ðxi�1Þ ¼ Fi�1; T

ð4Þ
i ðxiÞ ¼ Fi:

It is to be noticed that the spline can be written in terms of Sis

and any three derivatives at the boundaries of each subinter-
val. To define spline in terms of Sis; Mis, and Fis, the coeffi-
cients introduced in Eq. (3) are calculated, as

ai ¼ 1

120h
ðFi � Fi�1Þ; bi ¼ 1

24
Fi�1;

ci ¼ 1

6h
ðMi �Mi�1Þ � h

36
ðFi þ 2Fi�1Þ;

di ¼ 1

2
Mi�1; ei ¼ 1

h
ðSi � Si�1Þ � h

6
ðMi þ 2Mi�1Þ

þ h3

360
ð7Fi þ 8Fi�1Þ; fi ¼ Si�1:

Applying the first and third derivative continuities at the

knots, i.e. Tq
i ðxiÞ ¼ Tq

iþ1ðxiÞ; q ¼ 1 and 3, the following useful

relations are obtained, as

Miþ1 þ 4Mi þMi�1 ¼ 6

h2
ðSiþ1 � 2Si þ Si�1Þ

þ h2

60
ð7Fiþ1 þ 16Fi þ 7Fi�1Þ; ð5Þ

Miþ1 � 2Mi þMi�1 ¼ h2

6
ðFiþ1 þ 4Fi þ Fi�1Þ: ð6Þ

Using Eqs. (5) and (6), the following consistency relation in

terms of the fourth derivative of spline Fi and Si,
i ¼ 1; 2; . . . ; n, is derived, as

Siþ2 � 4Siþ1 þ 6Si � 4Si�1 þ Si�2

¼ h4

120
ðFiþ2 þ 26Fiþ1 þ 66Fi þ 26Fi�1 þ Fi�2Þ

i ¼ 2; 3; . . . ; n� 2; ð7Þ
where

Fi ¼ ½�Da
xi�1

pðxÞTðxÞ þ gðxÞ�jx¼xi
: ð8Þ

Since the system (7) gives ðn� 3Þ linear algebraic equations in
the ðn� 1Þ unknowns ðSi; i ¼ 1; 2; . . . ; n� 1Þ, therefore two
more equations (end conditions) are required. The two end
conditions can be obtained using Taylor series and the method

of undetermined coefficients. Two end equations are

� 2S0 þ 5S1 � 4S2 þ S3

¼ �h2M0 þ h4

120
ð18F0 þ 65F1 þ 26F2 þ F3Þ ð9Þ

and

Sn�3 � 4Sn�2 þ 5Sn�1 � 2Sn

¼ �h2Mn þ h4

120
ðFn�3 þ 26Fn�2 þ 65Fn�1 þ 18FnÞ: ð10Þ

Suppose that F0 is linearly approximated between F1 and F2 as,
F0 ¼ 2F1 � F2 and also Fn is linearly approximated between
Fn�1 and Fn�2 as, Fn ¼ 2Fn�1 � Fn�2.
For i ¼ 1, the consistency relation can be taken, as

�2S0 þ 5S1 � 4S2 þ S3 ¼ �h2M0 þ h4

120
ð101F1 þ 8F2 þ F3Þ:

ð11Þ
For i ¼ 2, the consistency relation can be written, as

S0 � 4S1 þ 6S2 � 4S3 þ S4 ¼ h4

120
ð28F1 þ 65F2 þ 26F3 þ F4Þ:

ð12Þ
For i ¼ n� 2, the consistency relation can be taken, as

Sn � 4Sn�1 þ 6Sn�2 � 4Sn�3 þ Sn�4

¼ h4

120
ðFn�4 þ 26Fn�3 þ 65Fn�2 þ 28Fn�1Þ: ð13Þ

For i ¼ n� 1, the consistency relation can be written, as

Sn�3 � 4Sn�2 þ 5Sn�1 � 2Sn

¼ �h2Mn þ h4

120
ðFn�3 þ 8Fn�2 þ 101Fn�1Þ: ð14Þ

Lemma 1. Let y 2 C6½a; b� then the local truncation errors

ti; i ¼ 1; 2; . . . ; n� 1 associated with the Eqs. (11), (12), (7),
(13) and (14) are
ti ¼

13
180

h6yð6Þðx1Þ þOðh7Þ; i ¼ 1;

113
360

h6yð6Þðx1Þ þOðh7Þ; i ¼ 2;

�1
12
h6yð6ÞðxiÞ þOðh7Þ; i ¼ 3; 4; . . . ; n� 3;

113
360

h6yð6Þðxn�1Þ þOðh7Þ; i ¼ n� 2;

13
180

h6yð6Þðxn�1Þ þOðh7Þ; i ¼ n� 1:

8>>>>>>>>>>>>><>>>>>>>>>>>>>:
Proof. In order to obtain the local truncation errors

ti; i ¼ 1; 2; . . . ; n� 1, firstly rewrite Eqs. (11), (12), (7), (13)
and (14) in the following form, as

t1¼�2y0þ5y1�4y2þy3þh2M0� h4

120
½101yðivÞ1 þ8y

ðivÞ
2 þy

ðivÞ
3 �;

t2¼y0�4y1þ6y2�4y3þy4�
h4

120
½28yðivÞ1 þ65y

ðivÞ
2 þ26y

ðivÞ
3 þy

ðivÞ
4 �;

ti ¼ yiþ2 � 4yiþ1 þ 6yi � 4yi�1 þ yi�2

� h4

120
½yðivÞiþ2 þ 26y

ðivÞ
iþ1 þ 66y

ðivÞ
i þ 26y

ðivÞ
i�1 þ y

ðivÞ
i�2�;

tn�2 ¼ yn � 4yn�1 þ 6yn�2 � 4yn�3 þ yn�4

� h4

120
½yðivÞn�4 þ 26y

ðivÞ
n�3 þ 65y

ðivÞ
n�2 þ 28y

ðivÞ
n�1�

and

tn�1 ¼ yn�3 � 4yn�2 þ 5yn�1 � 2yn þ h2Mn

� h4

120
½yðivÞn�3 þ 8y

ðivÞ
n�2 þ 101y

ðivÞ
n�1�:

The terms y0; y1; y
ðivÞ
1 ; y2; y

ðivÞ
2 , etc are expanded about

the point x1 using Taylor’s series and the expressions for
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ti; i ¼ 1, can be obtained. The expressions for ti; i ¼ 2, can be

derived by expanding the terms y0; y1; y
ðivÞ
1 ; y2; y

ðivÞ
2 , etc

about the point x2 using Taylor’s series. Also, the expressions

for ti; i ¼ 3; 4; . . . ; n� 3 can be obtained by expanding

yiþ2; yiþ2; yi; y
ðivÞ
i etc around the point xi using Taylor series

and the expression for ti; i ¼ 3; 4; . . . ; n� 3, can be obtained.

The terms yn; yn�1; y
ðivÞ
n�1; yn�2; y

ðivÞ
n�2, etc are expanded about

the point xn�2 using Taylor’s series and the expressions for
ti; i ¼ n� 2, can be obtained. Finally the expressions for
ti; i ¼ n� 1, can be derived as expanding about the point

xn�1. h

In order to obtain the values of Fi, the following equation is

obtained using Eqs. (4), (8) and Theorem 1.

Da
xi�1

pðxÞyðxÞ ¼Da
xi�1

pðxÞTiðxÞ

¼ ðx�xi�1Þ�a

Cð1� aÞ Tiðxi�1ÞðpðxÞ� pðxi�1ÞÞ

þ ðDa
xi�1

TiðxÞÞpðxÞþ
X1
k¼1

a
k

� �
ðJk�a

xi�1
TiðxÞÞDk

xi�1
pðxÞ:

ð15Þ

Substitute the spline function for the values of ai; bi, ci; di and

ei and x ¼ xi, the Eq. (15) can be written as

ð1þ l3ÞFi þ l1Fi�2 þ l2Fi�1 þ l4Fiþ1 þ g1Si�2 þ g2Si�1

þ g3Si þ g4Siþ1 ¼ gi; ð16Þ

where the values of li; gi; i ¼ 1; 2; 3; 4, are given in Appendix

A. Also,

gi ¼ gðxiÞ:

One more equation is needed to complete the system. This end
condition is obtained by computing the values of the constants
in Eq. (3) at end with the help of Taylor series,

F1 þ l11F1 þ l12F2 þ g10S0 þ g11S1 þ g12S2 þ hM0 ¼ g1; ð17Þ

where the values of l11; l12; g10; g11; g12 and h are given in

Appendix A.

4. Quintic spline solution

The spline solution of boundary value problem (1) is deter-
mined, using Eqs. (11), (12), (7), (13), (14), (16) and (17). Con-

sidering S ¼ ½S1;S2; . . . ;Sn�1�T and F ¼ ½F1;F2; . . . ;Fn�1�T;Si

satisfies the following matrix equation

CS ¼ h4DF; ð18Þ
where C; D are ðn� 1Þ � ðn� 1Þ matrices and

C ¼

5 �4 1

�4 6 �4 1

1 �4 6 �4 1

. .
.

1 �4 6 �4 1

1 �4 6 �4

1 �4 5

0BBBBBBBBBBB@

1CCCCCCCCCCCA
;

D ¼ 1

120

101 8 1

28 65 26 1

1 26 66 26 1

. .
.

1 26 66 26 1

1 26 65 28

1 8 101

0BBBBBBBBBBB@

1CCCCCCCCCCCA
:

The Eqs. (16) and (17) in matrix form can be written, as

NSþMF ¼ G; ð19Þ
where N; M are matrices of order ðn� 1Þ � ðn� 1Þ and

N ¼

g11 g12
g2 g3 g4
g1 g2 g3 g4

. .
.

g1 g2 g3 g4
g1 g2 g3

0BBBBBBBBB@

1CCCCCCCCCA
;

M¼

l11þ1 l12

2l1þl2 l3�l1þ1 l4

l1 l2 l3þ1 l4

. .
.

l1 l2 l3þ1 l4

l1 l2�l4 2l4þl3þ1

0BBBBBBBBB@

1CCCCCCCCCA
:

Moreover G ¼ ðgiÞ is ðn� 1Þ dimensional column vector such
that

G ¼ g1 � hM0; i ¼ 1;

gi; i ¼ 2; 3; . . . n� 1:

�
The Eq. (19) can be written, as

F ¼ M�1G�M�1NS: ð20Þ
From Eqs. (18) and (20), it can be written, as

ðCþ h4DM�1NÞS ¼ h4DM�1G: ð21Þ
5. Convergence of the method

Let Y= (yi) and E= (ei) = Y–S be an (n-1)-dimensional
column vectors.

In order to get a bound on kEk1, consider
ðCþ h4DM�1NÞY ¼ h4DM�1Gþ T: ð22Þ
where the vector T is defined, as

T ¼ h6
13

180
y
ð6Þ
1 ;

113

360
y
ð6Þ
2 ;

�1

12
y
ð6Þ
3 ; . . . ;

�1

12
y
ð6Þ
n�3;

113

360
y
ð6Þ
n�2;

13

180
y
ð6Þ
n�1

� �
:

Moreover,

jjTjj1 ¼ c3h
6Z6; Z6 ¼ maxx2½0;1�jyð6ÞðxÞj; ð23Þ

where c3 is a constant and also independent of h.

From Eqs. (21) and (22),

ðCþ h4DM�1NÞE ¼ T: ð24Þ



Table 1 Maximum absolute errors.

n a ¼ 0:1 a ¼ 0:2 a ¼ 0:3

10 8:3236E� 004 9:0723E� 004 9:8179E� 004

20 4:2843E� 004 5:0369E� 004 5:8857E� 004

40 2:1281E� 004 2:7132E� 004 3:4350E� 004

Figure 1 Exact and approximate solutions of Example 1 with

different values of a.
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From Eq. (24), E can be expressed, as

E ¼ ðIþ h4C�1DM�1NÞ�1
C�1T: ð25Þ

For the sake of simplicity, consider the case where pðxÞ is a

constant function. Then Eq. (8) becomes

Fi ¼ ½�pDa
xi�1

TðxÞ þ gðxÞ�jx¼xi
:

Lemma 2 (Siddiqi and Akram, 2008). If Z is a matrix of order

n and kZk < 1, then ðIþ ZÞ�1 exists and

kðIþ ZÞ�1k <
1

1� kZk :

Lemma 3. The infinite norm of M�1 satisfies the inequality

kM�1k1 6 720Cð6�aÞ
720Cð6�aÞ�pah4�að3180�2616aþ636a2�48a3Þ ;

ð26Þ

provided that pah4�að3180�2616aþ636a2�48a3Þ
720Cð6�aÞ 6 1.

Proof. The matrix M can be written, as

M ¼ Iþ pah4�a

720Cð6� aÞ
fM;

where matrix fM is

l�
11 l�

12

2l�
1 þ l2 l3 � l�

1 l4

l�
1 l2 l3 l4

. .
.

l�
1 l2 l3 l4

l�
1 l2 � l4 2l4 þ l3

0BBBBBBBBB@

1CCCCCCCCCA
;

where

l�
11 ¼ 4ð�931þ að764þ 13ð�14þ aÞaÞÞ;

l�
12 ¼

14Cð6� aÞ
a

;

l�
1 ¼

2ð�2þ aÞCð6� aÞ
Cð4� aÞ :

The matrix M�1 can be expressed, as

M�1 ¼ Iþ pah4�a

720Cð6� aÞ
fM� ��1

;

Using the Lemma 2, if

pah4�a

720Cð6� aÞ
fM���� ����

1
< 1; ð27Þ

then

kM�1k1 6 1

1� pah4�a

720Cð6�aÞ
fM��� ���

1

;

where

pah4�a

720Cð6� aÞ
fM���� ����

1
¼ pah4�a

720Cð6� aÞ ð3180� 2616a

þ 636a2 � 48a3Þ: ð28Þ
In this case, at a ¼ 1, maximum value of Eq. (28) is

pah4�a

720Cð6� aÞ
fM���� ����

1
6 p

h3

15
:

In order to satisfy the Lemma 3, the parameter p must satisfy
the following condition:

pmax <
15

h3

and

kM�1k1 6 720Cð6�aÞ
720Cð6�aÞ�pah4�að3180�2616aþ636a2�48a3Þ : �

Lemma 4. The matrix ðCþ h4DM�1NÞ in Eq. (24) is nonsingu-
lar, provided that:

720Cð6� aÞnððb� aÞ3 þ 8h3Þk2h�a

ð720Cð6� aÞ � h4�ak1Þ
< 1;

where k1 ¼ pað3180� 2616aþ 636a2 � 48a3Þ, k2 ¼ 1
Cð6�aÞ

ð240� 288aþ 113a2 � 18a3 þ a4Þ and n ¼ ðb�aÞ4
384ðb�aÞ3.



Table 2 Maximum absolute errors and order of convergence (O. C.) for Example 2.

n a ¼ 0:1 a ¼ 0:2 a ¼ 0:3

Error O.C. Error O.C. Error O.C.

10 8:44E� 002 7:61E� 002 6:68E� 002

20 2:37E� 002 1.8324 2:19E� 002 1.7970 2:01E� 002 1.7318

40 6:90E� 003 1.7802 6:90E� 003 1.6663 6:80E� 003 1.5636

0 0.2 0.4 0.6 0.8 1
−0.02

0

0.02

0.04

0.06
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Figure 2 Exact and approximate solutions of Example 2 with different values of a.
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Then

kEk1 6 kC�1k1kTk1
1� h4kC�1k1kDk1kM�1k1kNk1

ffi Oðh2Þ: ð29Þ
Proof. From Lemma 2,

kEk1 ¼ max16i6n�1jeij

6 kC�1k1kTk1
1� h4kC�1k1kDk1kM�1k1kNk1

; ð30Þ
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provided that h4kC�1k1kDk1kM�1k1kNk1 < 1. From

Siddiqi and Akram (2008),

kC�1k1 ¼ 1

384h4
ðb� aÞ4 1þ 8h3

ðb� aÞ3
 !

:

Also,

kDk1 ¼ 1 and kNk1
¼ h�a

Cð6� aÞ ð240� 288aþ 113a2 � 18a3 þ a4Þ:

By substituting the values of kC�1k1; kDk1; kM�1k1 and

kNk1 in Eq. (30) and using Eq. (23), it can be written as

kEk16 h2c3Z6nð720Cð6�aÞ�h4�ak1Þððb�aÞ3þ8h3Þ
ð720Cð6�aÞ�h4�ak1Þ�720Cð6�aÞnððb�aÞ3þ8h3Þk2h�a

ffiOðh2Þ;

ð31Þ
where Z6 ¼ maxa6x6bjy6ðxÞj. h

Theorem 2. Let yðxÞ be the exact solution of the FBVP Eq. (1)
with boundary condition Eq. (2) and yi; i ¼ 0; 1; 2; . . . ; n� 1,
satisfy the discrete BVP Eq. (22). Moreover, if ei ¼ yi � Si, then

kEk1 ¼ Oðh2Þ:
6. Numerical results

In this section, to check the accuracy, efficiency and validity of
the method, some examples of suggested method are given.

Example 1. Consider the following FBVP:

yð4ÞðxÞ þ 0:05DayðxÞ ¼ gðxÞ; x 2 ½0; 1�;
Appendix A

Da
xi�1

pðxÞTiðxÞjx¼xi
¼ h�a

Cð1� aÞSi�1ðpðxiÞ� pðxi�1ÞÞþ pðxiÞ 2h4�að�2

720Cð4
�

þ 2h4�aað�778þ að605þ að�137þ 10aÞÞÞ
720Cð6� aÞ Fi þ

þ�240ð�2þ aÞð�5þ aÞð�4þ aÞah�a

720Cð6� aÞ Si�2þ�3

þ h�a720ð6þð�6þ aÞaÞð�5þ aÞð�4þ aÞ
Cð6� aÞ Si þ�

þ
X1
k¼1

a

k

 !
h4þk�a

Cð5þ k� aÞFi�1 þ h4þk�a

Cð6þ k� aÞðFi

�

þð6ðh4þk�aðFi�2 � 37Fi�1 � 23Fi �Fiþ1Þ� 120ðS
720Cð4þk� aÞ

� ð6ðh4þk�aðFi�2 þ 4Fi�1 þFiÞ� 120ðSi�2 � 2Si�
720Cð3þk� aÞ

� 120ð2Si�2þ 3Si�1� 6Si þSiþ1ÞÞ
�
Dk

xi�1
pðxÞ:
with

yð0Þ ¼ 0; yð1Þ ¼ 0;

y00ð0Þ ¼ 0; y00ð1Þ ¼ 8:

The exact solution of this problem is x5 � x4. The present

scheme is applied with different values of a and results are
shown in Table 1 and Fig. 1.

Furthermore in the limit, as a goes to zero, the method pro-
vides a solution for the integer order system. From numerical

results, it is observed that suggested scheme is of Oðh2Þ.

Example 2. Consider the following FBVP:

yð4ÞðxÞ þDaxyðxÞ ¼ gðxÞ; x 2 ½0; 1�;
with

yð0Þ ¼ 0; yð1Þ ¼ 0;

y00ð0Þ ¼ 0; y00ð1Þ ¼ 26ða� 1Þ:
The exact solution of this problem is x6þa � x8�a. The present
scheme is applied with different values of a and results are

shown in Table 2 and Fig. 2.
7. Conclusion

Collocation method is established for the approximate solu-
tion of fractional differential equation along with boundary

conditions, using quintic spline. The suggested method also
utilizes the properties of fractional derivatives in order to solve
this problem. This numerical scheme is computationally capti-

vating. Descriptive examples show applications of this prob-

lem. It is proved that the method is of Oðh2Þ.
þ aÞa
� aÞ Fi�2 þ h4�að�4þ aÞað361þ að�226þ 25aÞÞ

720Cð6� aÞ Fi�1

ð�5þ aÞ2ð�4þ aÞh4�aa
720Cð6� aÞ Fiþ1

60h�að12þð�9þ aÞaÞð�5þ aÞð�4þ aÞ
720Cð6� aÞ Si�1

120ð�5þ aÞ2ð�4þ aÞah�a

720Cð6� aÞ Siþ1

!

�Fi�1Þþ h4þk�a

Cð1þ k� aÞSi�1

i�2 � 3Si�1 þ 3Si �Siþ1ÞÞÞ

1 þSiÞÞÞ� 1

720Cð2þk� aÞ ðh
4þk�að2Fi�2 þ 25Fi�1 þ 20Fi þFiþ1Þ



l1¼
2h4�að�2þaÞa
720Cð4�aÞ ðpðxÞÞjx¼xi

þ
X1
k¼1

a

k

� �
h4þk�a

120Cð4þk�aÞ�
h4þk�a

120Cð3þk�aÞ�
h4þk�a

360Cð2þk�aÞ
� �

Dk
xi�1

pðxÞjx¼xi
;

l2¼
h4�að�4þaÞað361það�226þ25aÞÞ

720Cð6�aÞ pðxÞjx¼xi
þ
X1
k¼1

a

k

� �
h4þk�a

Cð5þk�aÞ�
h4þk�a

Cð6þk�aÞ�
37h4þk�a

120Cð4þk�aÞ�
h4þk�a

30Cð3þk�aÞ
�

þ 5h4þk�a

144Cð2þk�aÞ
�
Dk

xi�1
pðxÞjx¼xi

;

l3¼
2h4�aað�778það605það�137þ10aÞÞÞ

720Cð6�aÞ pðxÞjx¼xi
þ
X1
k¼1

a

k

� �
h4þk�a

Cð6þk�aÞ�
23h4þk�a

120Cð4þk�aÞ�
h4þk�a

120Cð3þk�aÞþ
h4þk�a

36Cð2þk�aÞ
� �

�Dk
xi�1

pðxÞjx¼xi
;

l4¼
ð�5þaÞ2ð�4þaÞh4�aa

720Cð6�aÞ pðxÞjx¼xi
þ
X1
k¼1

a

k

� �
�6

h4þk�a

Cð4þk�aÞþ
h4þk�a

720Cð2þk�aÞ
� �

Dk
xi�1

pðxÞjx¼xi
;

g1¼
�240ð�2þaÞð�5þaÞð�4þaÞah�a

720Cð6�aÞ pðxÞjx¼xi
þ
X1
k¼1

a

k

� � ð�720h4þk�aÞ
Cð4þk�aÞ þ h4þk�a

Cð3þk�aÞ�
h4þk�a

3Cð2þk�aÞ
� �

Dk
xi�1

pðxÞjx¼xi
;

g2¼
�360h�að12þð�9þaÞaÞð�5þaÞð�4þaÞ

720Cð6�aÞ pðxÞjx¼xi
þ h�a

Cð1�aÞðpðxiÞ�pðxi�1ÞÞ

þ
X1
k¼1

a

k

� �
2160h4þk�a

Cð4þk�aÞ�
2h4þk�a

Cð3þk�aÞ�
h4þk�a

2Cð2þk�aÞþ
h4þk�a

Cð1þk�aÞ
� �

Dk
xi�1

pðxÞjx¼xi
;

g3¼
h�a720ð6þð�6þaÞaÞð�5þaÞð�4þaÞ

720Cð6�aÞ pðxÞjx¼xi
þ
X1
k¼1

a

k

� � �2160h4þk�a

Cð4þk�aÞ þ
h4þk�a

Cð3þk�aÞþ
h4þk�a

Cð2þk�aÞ
� �

Dk
xi�1

pðxÞjx¼xi
;

g4¼
�120ð�5þaÞ2ð�4þaÞah�a

720Cð6�aÞ pðxÞjx¼xi
þ
X1
k¼1

a

k

� �
720h4þk�a

Cð4þk�aÞ�
h4þk�a

6Cð2þk�aÞ
� �

Dk
xi�1

pðxÞjx¼xi

and

gi¼gðxiÞ:

l11 ¼ h4�a 2

Cð5� aÞ �
1

Cð6� aÞ þ
13

180Cð2� aÞ �
53

60Cð4� aÞ
� �

pðxÞjx¼x1

þ
X1
k¼1

a

k

� �
h4þk�a 2

Cð5þ k� aÞ �
1

Cð6þ k� aÞ þ
13

180Cð2þ k� aÞ �
53

60Cð4þ k� aÞ
� �

Dk
x0
pðxÞjx¼x1

;

l12 ¼ h4�a �1

Cð5� aÞ þ
1

Cð6� aÞ �
4

180Cð2� aÞ þ
20

60Cð4� aÞ
� �

pðxÞjx¼x1

þ
X1
k¼1

a

k

� �
h4þk�a �1

Cð5þ k� aÞ þ
1

Cð6þ k� aÞ �
4

180Cð2þ k� aÞ þ
20

60Cð4þ k� aÞ
� �

Dk
x0
pðxÞjx¼x1

;

g10 ¼
h�a

Cð1� aÞ ðpðx1Þ � pðx0ÞÞ þ h�a �7

6Cð2� aÞ �
1

Cð4� aÞ
� �

pðxÞjx¼x1
þ
X1
k¼1

a

k

� �
hk�a �7

6Cð2þ k� aÞ �
1

Cð4þ k� aÞ
� �

Dk
x0
pðxÞjx¼x1

;

g11 ¼ h�a 2

45Cð2� aÞ �
1

30Cð4� aÞ
� �

pðxÞjx¼x1
þ
X1
k¼1

a

k

� �
hk�a 2

45Cð2þ k� aÞ �
1

30Cð4þ k� aÞ
� �

Dk
x0
pðxÞjx¼x1

;

g12 ¼ h�a 1

180Cð2� aÞ �
1

60Cð4� aÞ
� �

pðxÞjx¼x1
þ
X1
k¼1

a

k

� �
hk�a 1

180Cð2þ k� aÞ �
1

60Cð4þ k� aÞ
� �

Dk
x0
pðxÞjx¼x1

;

h ¼ �1

Cð4� aÞ þ
1

Cð3� aÞ �
1

3Cð2� aÞ
� �

h2�apðxÞjx¼x1
þ
X1
k¼1

a

k

� � �1

Cð4þ k� aÞ þ
1

Cð3þ k� aÞ �
1

3Cð2þ k� aÞ
� �

h2þk�aDk
x0
pðxÞjx¼x1

:
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