
 
 

 Riordanعبر تحليل قوالب  Fermatعلاقات لمتعددات حدود بوبكر بصيغة  تسلسل 

 

  2، لين زهانغ1كارم بوبكر

 

 ،(ت.ت.ع.ع.م)، المدرسة العليا للعلوم والتقنيات بتونس 1قسم الفيزياء والكيمياء
 الجمهوريّة التونسيّة، جامعة تونس 

 هانغ زهو ،، جامعة زهو جيانغ2قسم الرياضيات
  جمهوريّة الصين الشعبيٌة310027 

 

 
 

:الملخص  
 تحليل قوالبباستخدام   (.Boubaker polynomials) متعددات حدود بوبكردراسة ا البحث تمت هذفي 

من النوع  (Chebyshev) أمكن إيجاد علاقات حدود بوبكر بمتعددات حدود شيبيشيف (Riordan)ريوردان 
  (.Fermat)ت الأول والثاني وكذلك متعددات حدود فيرما

بمثال التفصيل التحليلي  المتعلقةستفادة منها فى التطبيقات الفيزيائية لإستنتاج بعض العلاقات التى يمكن اإتم 
 (.Boubaker Polynomials Expansion Scheme: BPES) لمتعددات حدود بوبكر
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Abstract The Boubaker polynomials are investigated in this paper. Using a Riordan matrices

analysis, a sequence of relations outlining the relations with Chebyshev and Fermat polynomials

has been obtained. The obtained expressions are a meaningful supplement to recent applied physics

studies using the Boubaker polynomials expansion scheme (BPES).
ª 2012 University of Bahrain. Production and hosting by Elsevier B.V. All rights reserved.

1. Introduction

Polynomial expansion methods are extensively used in many

mathematical and engineering fields to yield meaningful results
for both numerical and analytical analysis (Alvareza et al.,
2005; Bender and Dunne, 1988; Choi et al., 2004; Guertz
et al., 2000; Koelink, 1994; Okada et al., 2006; Philippou and

Georghiou, 1989; Sloan and Womersley, 2002). Among the
most frequently used polynomials, the Boubaker polynomials
are one of the interesting tools which were associated to several

applied physics problems as well as the related polynomials
such as the Boubaker–Turki polynomials (Boubaker, 2007,
2008; Bagula and Adamson, 2008; Sloane, 2008; Ghanouchi

et al., 2008; Slama et al., 2008b,c; Ghrib et al., 2008), the 4q
Boubaker polynomials (Zhao et al., 2009) and the Boubaker–
Zhao polynomials (Zhao et al., xxxx). For example, for some

resolution purposes, a function f(r) is expressed as an infinite
nonlinear expansion of Boubaker–Zhao polynomials

fðrÞ ¼ lim
N!þ1

1

2N

XN
n¼1

fn bB4n r
an

R

� �" #
; ð1:1Þ

where an are the minimal positive roots of the Boubaker 4n-

order polynomials bB4n, R is a maximum radial range and fn
are coefficients to be determined using the expression of f(r).
Since the Boubaker 4n-order polynomials have the particular

properties: for any n,bB4nðrÞjr¼0 ¼ �2;
@bB4nðrÞ
@r
¼ 0;

@2bB4nðrÞ
@r2
¼ 4nðn� 1Þ:

8>>><>>>: ð1:2Þ

The related system (1.3) is induced:

fð0Þ ¼ lim
N!þ1

1
2N

XN
n¼1

fn bB4n r an
R

� �" #
jr¼0 ¼ � 1

N

XN
n¼1

fn;

fðRÞ ¼ lim
N!þ1

1
2N

XN
n¼1

fn bB4n r an
R

� �" #
jr¼R ¼ 0;

@fðrÞ
@r
jr¼0 ¼ lim

N!þ1
1
2N

XN
n¼1

fn
@ bB4n ranRð Þ
� �

@r

" #
jr¼0 ¼ 0:

8>>>>>>>>>><>>>>>>>>>>:
ð1:3Þ
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2. The Boubaker polynomials

The first monomial definition of the Boubaker polynomials
(Awojoyogbe and Boubaker, 2009; Boubaker, 2007; Chaou-

achi et al., 2007; Labiadh and Boubaker, 2007) appeared in
a physical study that yielded an analytical solution to the heat
equation inside a physical model (Labiadh et al., 2008; Slama

et al., 2008a). This monomial definition is expressed by (2.1):

Definition 2.1. A monomial definition of the Boubaker poly-
nomials is:

BnðXÞ¼def
XnðnÞ
p¼0

n� 4p

n� p

p

n� p

� �� 	
ð�1ÞpXn�2p; ð2:1Þ

where nðnÞ ¼ n
2


 �
¼def 2nþð�1Þn�1

4
(The symbol º*ß designates the

floor function). Their coefficients could be defined through a
recursive formula (2.2):

BnðXÞ ¼
XnðnÞ
j¼0
½bn;jXn�2j�;

bn;0 ¼ 1;

bn;1 ¼ �ðn� 4Þ;

bn;jþ1 ¼ ðn�2jÞðn�2j�1Þðjþ1Þðn�j�1Þ �
n�4j�4
n�4j � bn;j;

bn;nðnÞ ¼
ð�1Þ

n
2 � 2 if n even;

ð�1Þ
nþ1
2 � ðn� 2Þ if n odd;

8<:

8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:

ð2:2Þ

Definition 2.2. A recursive relation which yields the Boubaker
polynomials is:

BmðXÞ ¼ XBm�1ðXÞ � Bm�2ðXÞ; for m > 2;

B2ðXÞ ¼ X2 þ 2;

B1ðXÞ ¼ X;

B0ðXÞ ¼ 1:

8>>><>>>: ð2:3Þ

3. Riordan matrices of the Boubaker polynomials

In this section, we will present a Riordan matrices analysis of
the Boubaker polynomials. The notations and the results of

Luzon (2010a, 2008, 2009, 2010b) will be used extensively.
We start with the following relation (demonstrated on page
25 in Luzon and Moron (2010b)):

BnðxÞ ¼ Un

x

2

� �
þ 3Un�2

x

2

� �
; for n P 2; ð3:1Þ

where Un denote the Chebyshev polynomials of the second
kind. Then:

B2mðxÞ¼U2m

x

2

� �
þ3U2m�2

x

2

� �
¼2
Xm
k¼0

eT2k

x

2

� �
þ6
Xm�1
k¼0

eT2k

x

2

� �
ð3:2Þ

¼8
Xm�1
k¼0

eT2k

x

2

� �
þ2 eT2m

x

2

� �
¼4þ8

Xm�1
k¼0

T2k

x

2

� �
þ2T2m

x

2

� �
; ð3:3Þ

where Tn denote the Chebyshev polynomials of the first kind.

In a similar way:

B2mþ1ðxÞ¼8
Xm�1
k¼0

eT2kþ1
x

2

� �
þ2 eT2mþ1

x

2

� �
¼8
Xm�1
k¼0

T2kþ1
x

2

� �
þ2T2mþ1

x

2

� �
ð3:4Þ

¼8
Xm�1
k¼0

eT2k

x

2

� �
þ2 eT2mþ1

x

2

� �
; ð3:5Þ

so:

B2mð2 cos tÞ ¼ 4þ 8
Xm�1
k¼1

T2kðcos tÞ þ 2T2mðcos tÞ

¼ 4þ 8
Xm�1
k¼1

cosð2ktÞ þ 2 cosð2mtÞ; ð3:6Þ

B2mþ1ð2 cos tÞ ¼ 8
Xm�1
k¼1

cosðð2kþ 1ÞtÞ þ 2 cosðð2mþ 1ÞtÞ: ð3:7Þ

Now, consider another new polynomial class bBn defined by:

bBnð2 cos tÞ ¼
Bnð2 cos tÞ � 2Tnðcos tÞ

4
; n > 1; ð3:8Þ

or:

bBnðxÞ ¼
BnðxÞ�2Tn

x
2ð Þ

4
;

x ¼ 2 cos t:

(
ð3:9Þ

So using Eqs. (3.8) and (3.9) we get:

bB2mðxÞ ¼
B2mðxÞ � 2T2m

x
2

� �
4

¼ 1þ 2
Xm�1
k¼0

T2k

x

2

� �
; ð3:10Þ

bB2mþ1ðxÞ ¼
B2mþ1ðxÞ � 2T2mþ1

x
2

� �
4

¼ 2
Xm�1
k¼0

T2k

x

2

� �
: ð3:11Þ

In order to obtain a generating function and to make a poly-

nomial sequence (i.e. the degree is the subindex) we considereBnðxÞ ¼ bBn�2ðxÞ:

So, symbolically:eB0ðxÞeB1ðxÞeB2ðxÞeB3ðxÞeB4ðxÞeB5ðxÞ

..

.

2666666666666664

3777777777777775
¼

2 0 0 0 0 0 0

0 2 0 0 0 0 0

2 0 2 0 0 0 0

0 2 0 2 0 0 0

2 0 2 0 2 0 0

0 2 0 2 0 2 0

..

. ..
. ..

. ..
. ..

. ..
. . .

.

266666666666664

377777777777775

eT0ðxÞeT1ðxÞeT2ðxÞeT3ðxÞeT4ðxÞeT5ðxÞ

..

.

2666666666666664

3777777777777775
: ð3:12Þ

We can write this in terms of Riordan matrices in the next way:X
nP0

eBnðtÞ ¼ T
2

1� x2
j1

� �
T

1� x2

4
j 1þ x2

2

� �
Tð2j2Þ 1

1� tx

� �
;

ð3:13Þ

or:X
nP0

eBnðtÞxn ¼ Tð1j1þ x2Þ 1

1� tx

� �
: ð3:14Þ

In fact we have the Riordan matrix:

Tð1j1þ x2Þ; ð3:15Þ

which is:
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1 0 0 0 0 0 0

0 1 0 0 0 0 0

�1 0 1 0 0 0 0

0 �2 0 1 0 0 0

1 0 �3 0 1 0 0

0 3 0 �4 0 1 0

..

. ..
. ..

. ..
. ..

. ..
. . .

.

266666666666666664

377777777777777775
: ð3:16Þ

Hence, the few first eBnðxÞ are:eB0ðxÞ ¼ 1;eB1ðxÞ ¼ x;eB2ðxÞ ¼ x2 � 1;eB3ðxÞ ¼ x3 � 2x;eB4ðxÞ ¼ x4 � 3x2 þ 1;eB5ðxÞ ¼ x5 � 4x3 þ 3x;

8>>>>>>>>>>><>>>>>>>>>>>:
ð3:17Þ

with the recurrence (3.18).eBnðxÞ ¼ x eBn�1ðxÞ � eBn�2ðxÞ; n P 2: ð3:18Þ

Note that this recurrence is the same as that for the Boubaker
polynomials but with different initial conditions. In fact the

relation between both families of polynomials is given by

Tð1þ 3x2j1þ x2Þ ¼ Tð1þ 3x2j1ÞTð1j1þ x2Þ: ð3:19Þ

Then, finally:

BnðxÞ ¼ x eBn�1ðxÞ þ 3 eBn�2ðxÞ; n P 2: ð3:20Þ

4. Fermat-linked expressions

Using inversion of Riordan matrices we can get eBnðxÞ each as

combinations of Boubaker polynomials.

Remark 4.1. Comparing the recurrence (3.20) with the one of
the Chebyshev polynomials of the second kind, we can obtain
an explicit expression of the new polynomials defined by (3.8)

and (3.9)

BnðxÞ ¼
sinððnþ 1ÞtÞ

sin t
; x ¼ 2 cos t; n ¼ 0; 1; 2; . . . ð4:1Þ

In other word, the new polynomial is the scaled Chebyshev

polynomial Un(x) of the second kind, since the relation be-
tween the two polynomials is related as:

Bnð2xÞ ¼ UnðxÞ; n ¼ 0; 1; 2; . . . ð4:2Þ

Remark 4.2. By using (4.1) or (4.2), we can obtain some other
relations. In fact the Fermat polynomials are obtained by set-
ting p(x) = 3x and q(x) = �2 in the Lucas polynomial

sequence, defined by (4.3).

FnðxÞ ¼ pðxÞFn�1ðxÞ þ qðxÞFn�2ðxÞ: ð4:3Þ

As Luzon (2010a), Luzon and Moron (2008, 2009, 2010b)

demonstrated, through the associated Riordan matrix:

1
3

0 1

0 0 3

0 �2 0 9

0 0 �12 0 27

0 4 0 �54 0 81

0 0 36 0 �216 0 243

0 �8 0 216 0 �810 0 729

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. . .

.

2666666666666666666664

3777777777777777777775

;

ð4:4Þ

that

F1ðxÞ ¼ 1;

F2ðxÞ ¼ 3x;

F3ðxÞ ¼ 9x2 � 2;

F4ðxÞ ¼ 27x3 � 12x;

� � � � � � � � �

8>>>>>><>>>>>>:
ð4:5Þ

and

FxðxÞ ¼
ffiffiffi
2
p� �n

Un

3x

2
ffiffiffi
2
p

� �
: ð4:6Þ

Theorem 4.3. Let (R, + ,o) be a commutative ring, (D, + ,o)
be an integral domain such that D is a subring of R whose zero is
0D and whose unity is 1D, X 2 R be transcendental over D, D[X]

be the ring of polynomials forms in X over D, and finally denote
Boubaker polynomials and Fermat polynomials as Bn(x) and
Fn(x) ,respectively, as polynomials contained in D[X], then:

BnðxÞ ¼
1

ð
ffiffiffi
2
p
Þn
Fn

2
ffiffiffi
2
p

x

3

 !
þ 1

ð
ffiffiffi
2
p
Þn�2

Fn�2
2
ffiffiffi
2
p

x

3

 !
; n

¼ 0; 1; 2; . . . ð4:7Þ

Proof. Riordan matrices for Boubaker polynomials and Fer-

mat polynomials (see Luzon, 2010a; Luzon and Moron,
2008, 2009, 2010b) are respectively:

Xþ1
n¼0

BnðxÞtn ¼ ð1þ 3x2j1þ x2Þ 1

1� xt

� �
;
Xþ1
n¼0

FnðxÞtn

¼ 1

3
j 1þ x2

3

� �
: ð4:8Þ

Let’s expand the inverse Riordan arrays:

Tð1þ 3x2j1þ x2Þ ¼ Tð1þ 3x2j1ÞT 1

2
j 1þ x2

2

� �
Tð2j2Þ; ð4:9Þ

which gives

Tð1þ 3x2j1þ x2Þ ¼ Tð1

þ 3x2j1ÞTð1j
ffiffiffi
2
p
ÞT 1

3
j 1þ x2

3

� �
T 3j 3ffiffiffi

2
p

� �
:

ð4:10Þ

By identifying Riordan matrix for Fermat polynomials in the
right term of Eq. (4.10), the desired equality holds. h
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Expressions (4.2) and (4.7) are very useful for developing
the already proposed Boubaker polynomials expansion scheme
(BPES).

5. Conclusion

The Boubaker polynomials have been investigated. Using a

Riordan matrices (Shapiro et al., 1991) analysis, a sequence
of relations outlining the relations with Chebyshev and Fermat
polynomials has been obtained as guides to further studies

(Yildirim and Özis�, 2009, 2010). The obtained expression are
a meaningful supplement to recent applied physics studies
(Ben Mahmoud, 2009; Lazzez et al., 2009; Fridjine et al.,

2009; Khélia et al., 2009; Ben Mahmoud and Amlouk, 2009;
Dada et al., 2009; Rahmanov, xxxx; Rahmanov, xxxx; Tabata-
baei et al., 2009; Fridjine and Amlouk, 2009; Belhadj et al.,

2009; Belhadj et al., 2009; Zhang and Li, 2009) using the Bou-
baker polynomials expansion scheme (BPES).
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Khélia, C., Boubaker, K., Ben Nasrallah, T., Amlouk, M., Belgacem,

S., 2009. Morphological and thermal properties of b-SnS2 sprayed

thin films using Boubaker polynomials expansion. J. Alloys

Compounds 477, 461–467.

Koelink, H.T., 1994. The addition formula for continuous q-Legendre

polynomials and associated spherical elements on the SU(2)

quantum group related to Askey–Wilson polynomials. SIAM J.

Math. Anal. 25 (1), 197–217.

Labiadh, H., Boubaker, K., 2007. A Sturm–Liouville shaped charac-

teristic differential equation as a guide to establish a quasi-

polynomial expression to the Boubaker polynomials. Differ. Eqn.

Control Process. Electron. J. 2, 117–133.

Labiadh, H., Dada, M., Awojoyogbe, O.B., Ben Mahmoud, K.B.,

Bannour, A., 2008. Establishment of an ordinary generating

function and a Christofel–Darboux type first-order differential

equation for the heat equation related Boubaker–Turki polynomi-

als. J. Differ. Eqns. 1, 51–66.

Lazzez, S., Ben Mahmoud, K.B., Abroug, S., Saadallah, F., Amlouk,

M., 2009. A Boubaker polynomials expansion scheme (BPES)-

related protocol for measuring sprayed thin films thermal charac-

teristics. Current Appl. Phys. 9, 1129–1133.

Luzon, A., 2010a. Iterative processes related to Riordan arrays: the

reciprocation and the inversion of power series. Discrete Math. 310,

3607–3618.

Luzon, A., Moron, M.A., 2008. Ultrametrics, Banach’s fixed point

theorem and the Riordan group. Discrete Appl. Math. 156, 2620–

2635.

Luzon, A., Moron, M.A., 2009. Riordan matrices in the reciprocation

of quadratic polynomials. Linear Alg. Appl. 430, 2254–2270.

Luzon, A., Moron, M.A., 2010b. Recurrence relations for polynomial

sequences via Riordan matrices. Linear Alg. Appl. 433, 1422–

1446.

Okada, R., Nakata, N., Spencer, B.F., Kasai, K., Saang, B.K., 2006.

Rational polynomial approximation modeling for analysis of

structures with VE dampers. J. Earthquake Eng. 10, 97–125.

Philippou, A.N., Georghiou, C., 1989. Convolutions of Fibonacci-type

polynomials of order k and the negative binomial distributions of

the same order. Fibonacci Quart. 27, 209–216.

Rahmanov, H. Triangle read by rows: row n gives coefficients of

Boubaker polynomial Bn(x), calculated for X = 2cos(t), centered

by adding �2cos(nt), then divided by 4, in order of decreasing

exponents. Encycloped. Integer Seq. A 160242.

Rahmanov, H. Triangle read by rows: row n gives values of the 4q-28

Boubaker polynomials B4q(X) (named after Boubaker Boubaker

(1897–1966)), calculated for X = 1 (or �1). Encycloped. Integer
Seq. A 162180.

Shapiro, L.W., Getu, S., Woan, W.J., Woodson, L.C., 1991. The

Riordan Group. Discrete Appl. Math. 34, 229–239.

Fermat-linked relations for the Boubaker polynomial sequences via Riordan matrices analysis 77



Slama, S., Bessrour, J., Boubaker, K., Bouhafs, M., 2008a. Investiga-

tion of A3 point maximal front spatial evolution during resistance

spot welding using 4q-Boubaker polynomial sequence. In: Pro-

ceedings of COTUME, pp. 79–80.

Slama, S., Bessrour, J., Boubaker, K., Bouhafs, M., 2008b. A

dynamical model for investigation of A3 point maximal spatial

evolution during resistance spot welding using Boubaker polyno-

mials. Eur. Phys. J. Appl. Phys. 44, 317–322.

Slama, S., Bouhafs, M., Ben Mahmoud, K.B., 2008c. A Boubaker

polynomials solution to heat equation for monitoring A3 point

evolution during resistance spot welding. Int. J. Heat Technol. 26

(2), 141–146.

Sloan, I.H., Womersley, R.S., 2002. Good approximation on the

sphere, with application to geodesy and the scattering of sound. J.

Comput. Appl. Math. 149, 227–237.

Sloane, N.J.A., 2008. Triangle read by rows of coefficients of

Boubaker polynomial Bn(x) in order of decreasing exponents.

Encycloped. Integer Seq., A138034.

Tabatabaei, S., Zhao, T., Awojoyogbe, O., Moses, F., 2009. Cut-off

cooling velocity profiling inside a keyhole model using the

Boubaker polynomials expansion scheme. Int. J. Heat Mass

Transfer 45, 1247–1255.

Yildirim, A., 2010. He’s homotopy perturbation method for nonlinear

differential-difference equations. Int. J. Comput. Math. 87, 992–

996.
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