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Abstract: In this article, the distribution of concomitant of order statistics has been obtained from Bivariate log-exponentiated

Kumarswamy distribution. The distribution of the r order statistics and it's concomitant arising from Bivariate log-exponentiated
Kumarswamy distribution has been deduced. The properties of concomitant arising from the corresponding order statistics are used
to derive the results. The moment generating function (mgf) of concomitant of order statistics is also derived. We have also obtained
the expression for the joint distribution of concomitants of two non-adjacent order statistics.
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1. INTRODUCTION
David (1973) introduced the concept of concomitant of order statistics as follows: Let (X,,Y;);i=12,..,n be then

observations from a bivariate population. If we arrange X variates in some specific order then we get values of Y
variate corresponding to each X wvalues. These Y wvalues are called concomitant of order statistics. If

X F=12,...,n bethe r'™ order statistics then '™ concomitant is denoted by Y[r:n]; r=12,..,n.

Application of concomitant of order statistics frequently arises in real life selection problem when the decision is

based on two variables X and Y . e.g. X may be the score in preliminary testand Y may be the score in main test in
any competitive test.
Elsherpieny et al. (2014) proposed the Bivariate log-exponentiated Kumarswamy distribution, denoted by

Blog— EK (al,az,%,l,]/), which has log-exponentiated Kumarswamy (log-EK) marginal. This distribution is

obtained by using the method similar to that of method used by Kundu and Gupta (2009) to develop bivariate generalized
exponential distribution. The properties of Blog-EK distribution are given below.
Univariate log-EK distribution with parameters o,A,y>0 has the probability density function (pdf) given as

f(x, 0, A, 7) = adye™ L—e ™) 1-(L—e™) T Ll (1—e ) ] (L.1)

The cumulative distribution function (cdf) of univariate log-EK distribution is given as
F(xa,4,7) =[L-{1-1-e"Y¥] (12

Let, U, ~ log— EK(ex,, 4, »); 1 =1, 2,3 are independently distributed and consider the random variables
X =maxU,U,)
Y =max(U,,U,)
Then (X,Y) ~ Blog— EK (e, @, a3, A, 7) , where, oy, cx,, a5, A, 7 >0, with cdf given as
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F(X, y) = P(Ul S X)P(UZ S y)P(U3 S min(X, y))
= I:Iog—EK (X : al’ ﬂ” 7) I:Iog—EK (y : a21 ﬁ” 7/) I:|og—EK (Z : a31 ﬂ“’ 7/) (13)
Where z =min(X, y).
The joint cdf of the Blog—EK(X, Y : &y, @,, a5, A, ) given in (1.3) can also be written as

FIog—EK(X:a1+a31/117)F|og—EK(y:aZ’/liy) if O<x<y
FOY) =1 Fogex (X1, 4, 1) Fog e (Y1, + 3,4, 7)  if0<y<X
FIog—EK(X:a1+a2+a31/117) if y:X>0

And the corresponding pdf is
f,(x,y) if O<x<y

f(x,y)=4f,(x,y) if O<y<x
f,(x,y) if y=x>0

where
(X Y) =, (o +a)A%y’e e Y (1—e7) " (l—eY) H{l-L—-e )Y
{l-(-e”) Y I—{-@-e”)y ¥ I-{-1-e”)y Y] a9
(6 y) =a(@, + o)A’ y%e e (L-e7) " (1—e7 Y {l-(L-e )Y Y {I-1-e) Y w9
- - Y YTy Y |
f(x y) = dye” (-7 )Y - (1-e” Y ¥ U-{l-(1—-e*)y Y ]ureere (16)
The marginal cdf and pdf of X is
FOX)=[1-{1-(1-e*)¥]*™*;0<x<ow. 1.7
f(X) = (o +a)Aye " (L—e ) {1- L—e YV N-fl-U-e)P]* " 0<x<0
(1.8)
And the conditional pdf of Y given X is
f,(y|x) if O<x<y
fy[x)=1f,(y[x) if O<y<x
fo(y|x) if y=x>0
where
f(yIx)=adre” (1-e” )y {l-(1-e” )y Y L-{l-1-e)}]"" (L9)
f,(ylx) = wﬂ}/e’y(l—e’y)y’l{l— -y ¥ ' L-{-Q-e?)Y ¥ L-{1--e")¥]™
(n+a,)
(1.10)
f(y|X) = —=—[1-{l-@-e")"¥]" (112)

o +ay)

Concomitant of order statistics was noticed and discussed about four decades ago. After remarkable work in 1973
by David; David and Galambos (1974) and David et al. (1977) deduced the asymptotic theory of concomitants of order
statistics and distribution and expected value of the rank of a concomitant of an order statistics, respectively. Yang
(1977) discussed the general distribution theory of the concomitants of order statistics. Bhattacharya (1984), in his
paper, Induced order statistics: Theory and applications, explained the theory and application of concomitant of order
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statistics in the name of induced order statistics. Balasubramanian and Beg (1996) and (1997), obtained expressions of
concomitant of order statistics in bivariate exponential distribution of Marshall and Olkin and concomitant of order
statistics in Morgenstern type bivariate exponential distribution. Moreover, Begum and Khan (2000) and Begum (2003)
obtained expressions of concomitant of order statistics from Marshall and Olkin's bivariate Weibull distribution and
bivariate Pareto Il distribution. In a similar manner, Shahbaz and Ahmad (2009) and Shahbaz et al. (2009) worked on
concomitant of order statistics for bivariate Pseudo-Weibull Distribution and bivariate Pseudo Exponential Distribution.
Very recently, Phillip and Thomas (2015) discussed the application of concomitant of order statistics from extended
Farlie- Gumble- Morgenstern bivariate logistic distribution in estimation procedure.

In this paper, we have considered the pdf of concomitant of order statistics and the joint pdf of concomitant of order
statistics  when the pair of observations (X,,Y;);i=12,..,n are independent and follows

Blog—EK (e, ,, a5, 4, 7). The paper is divided into five sections. In section 2, we have obtained the distribution
of r'™ order statistics and joint distribution of r'™ and s™ order statistics. In section 3, density of concomitant of first

order statistics Y},,,;and concomitant of r' order statistics Y have been deduced. In section 4, we have discussed

the moment generating function of concomitant of r" order statistics Y,

irng- Finally, in section 5, the expression for

joint distribution of concomitant of two order statistics is obtained.

2. DISTRIBUTION OF ORDER STATISTICS

Let X,,X,..., X, are iid observations from a population having cdf F(x) and pdf f(x) then the pdf of r
order statistics is given as

0 () =C o [l- FOOT TR OOT £ (%), —oo< x <0

I
where C_., S L
To(r=DY(n-r)!

Thus if X, X,..., X, are iid observations from a population having cdf F(x) and pdf f(x) givenin (1.7) and

(1.8) respectively, then the pdf of r'™ order statistics is given as

fn()=Cpolaq +ag)dye ™ (L—e ) - (A—e Y ¥ x[I-[L-{l- Qe Y ¥]* ] L—f1— (1-e "y} = (2.1)
Putting I =1 in (2.1), we get the pdf of first order statistics X,,, as

o () =N(ey + ) A7e " (L—e ™) HL-(L—e Y ¥ x[L-{L- ey YT - [L-{- A -e") ¥ ] (22

Similarly the cdf of r order statistics X , when X, X,..,X, are iid observations and follows

rn

log— EK (o + 23, 7, A), IS given as

Fn(¥)=[1-Q-[1-{1-Q- ex)y}ﬂ]““%)””l]i[n B L ’ k][1—{1— Qe )y e (2.3)

The cdf of first order statistics X, as (David; 1981)
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Fin () =1-[1-[1-{1-@A-e7y ¥ ] T (24)

Let X, and X, be the two order statistics such that (1<r <s<n). Then the joint pdf of two order statistics is
given as (David; 1981)

Frn (%1 %) = C, g L= F ()T TR (%) = F )1 TF ()1 £ (x) T (%,)

et (e

n!
(r=DYs—(r+D](n->s)!

Where C_ . = and F(X) =1—F(x).

Therefore if X, X,..., X, are iid observations from a population having cdf F(x) and pdf f(x) givenin (1.7) and

(1.8) respectively, then the joint pdf of X, and X, isgiven by

fr,s:n (Xl' XZ) = Cr,s:n (al + a3)21272e—(><1+><2) (1_ e_XI)yil (1_ e_xz )771[1_ (1_ e_X1 )7]171
AL (- T e ) ¥ ] - (e ) Y]

r-1s-r-1 _1 _ _1
Xz Z (_1)I+k (r | j(s r j[l_ (1_{1_ (1_ e—Xz )7}1)a1+a3]n—s+k

1=0 k=0 k

L—(L—{l— (L—e ) P )ara] st
(2.5)

3. DISTRIBUTION OF CONCOMITANT OF ORDER STATISTICS
In this section, we have deduced the result for the pdf of concomitant of order statistics. First we have obtained the

pdf of concomitant of first order statistics Yj;,,; and utilizing pdf of Y};,,,, we have obtained the pdf of r"

concomitant of order statistics Y.,

Let (X,,Y,);i=12,..,n are n pairs of observations and follows Blog—EK (al,az,ag,ﬂ,,j/), then the pdf of

concomitant of first order statistics Y[In] is given by

G (V) = J, TV D0 000X+ [ ™ £,( 130 £, 0+ £ (Y 1) ., ()
Therefore in view of (1.9), (1.10), (1.11) and (2.2), we have
Ium(Y) =Ny (a + ag) AP y%e Y (1—e” )Y Hl-(L-e 'Y Y L-{L-1-e)} ]
Xje’*(l— ey - YV L-{I-@-eY Y] T -1 -{1- @-e )} ] Hdx
+;a1(a2 ta) Aty (e ) L (- Y Y Ll - (e ) YT
xIe*(l— €)Y - (- e )Y - {- - e ) Y] - -{L- @) ] ] o

+nazdye” (1-e” Y {l- -y Y L-{1--e?Y ¥ T - [-{1- A -e ) ¥ ] ]
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After some algebraic simplification, we get

g[l:n](y) =a,Aye” (1~ eiy)yil{l_ a- eiy)y};rl[l—l— - efy)’y}l]arl[l— Q-[n-{1-Q@- E’V)V}l]aﬁas)”]
+n0!l(052 + (Zs)ij/eiy(l— 67Y)7*1{1_ (1_ e*Y)y}A"fl[l_{l_ (1_ e*)’);’}i]tzzﬂ,‘@—l

n-1 _1\% )
xz W[nq J[l— 1-f4-@- e_y)}’}l)%(lnﬂzg)Jrﬂtl] +nadye” (L)t
0o=0L40\“1 3 1 o

-V - @-e) Y] -1 -{L- (L-e) ¥
(3.1)

It is well known that cdf of order statistics are connected by the relation (see David; 1981)

Fu(0= Y c4y*”4[;_ij[?jﬁmxx1srsn

i=n-r+l1 -

This relation also holds for pdf of concomitant of order statistics as (see Balasubramanian and Beg; 1998)

n . i—1
Oy (y)= Z (_1)|_n+r_l (I’Il _ r}(nJ Oy (y)

i=n-r+1 I
Therefore, the pdf of concomitant of r'" order statistics Y[m] is given as

n . i -1
G ()= Y, (—1)""“'1[;_ r][?j[ame'y(1—e-y)’-1{1— (L-e”) Y R-{-(-e”) ¥t
A-(1-A-{-A-eY ¥ ) 1+ioy (o, + o) dye” (1-e ") - (1-e ") ¥

i—1 — 1\% i—-1
X[l—{l— (l_e*Y)Y}i]azHXa—l ¢[| ][1_ (1_{1_ (1_ e,y)y}ﬂ,)qo(aﬁaa)ml]

4o=0 [0y (o + ) + ]\ 4
+iogdye Y (e ) - (1-e” )Y Y I-{1-(@-e” ) Y] T - [L-{1- (- e’y)’“}l]a”ag]i’l}

3.2)

4, MOMENT GENERATING FUNCTION OF CONCOMITANT OF ORDER STATISTICS
Suppose (X,,Y,);i=12,..,n are n pairs of observations from Blog—EK (al,az,a3,/t,}/), then the
moment generating function (mgf) of concomitant of first order statistics Y[rn] is given by

My ()= ELE"1]= ["€" g ()l

Now in view of (3.1), we have
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Mo (t) = a7 [e%e 7 (L-e7) L= (L-e Y ¥ IL-{L- (-7 ) YTy

0

—ay[ele (L-e - (L-e Y YL (- Y ¥ T - L (- e ¥ ] T dy

0

e + %Mynii(”q‘l)ﬁe‘yey(l—ey)“{l— G-V Y- -e Y YTy

oo lGo (o +a3) + o]

0

_Ietye-y (1_ e-y)y—l{l_ (1_ e—y)y}i—l[l_{l_ (1_ e—y)r}i](h%)(aﬁas)wz1dy1

+“%MT e (1) - (L-e” VY - {L-(-e” Y ¥ I - [ {L- e Y ¥ T ey

0

(4.1)
Setting 1— (1—€7”)” =V, we have
-t
1

M g (0) = 2 {1—(1—v )j v wi[l—(l—v )yj vy - v ) Ty

0

+na1(a2+a3)ﬂ,z ()" ( 0, ){

4020 [q (a, + o)+ al

[1 (1 V) J ﬂ—l(l_v ﬂ)a2+a3—ldv

0

1
|
1 1\t -t
_J‘[l_(l_v)7J 11(1 iy )1+qo otag +11’2*1dv +n0[3 1 (1 V) ] v1—1(1_\/A)al+az+a3—l[1_(1_v A)a1+a3]n—1dv

(4.2)
> t - (t)K 4
Using the Taylor series expansion [1— (l—v)7]‘ = Zk_'l(l_v) in (4.2), we get
k;=0 ] -
t 1 kil A +1)—1

_azﬂ.ZZZ( 1)q1( )()kl[l Q1(a1+a3) az]kzj'(l V)y l(k2+l) tqv

g =0k; =0k, = k lk !
o (N—1 ), [1— e, —asl,, N 7 Ak 1)1
+na1(a2+a3)ﬂqo2“oklz;)kzz( 1) ( )[qo(al+a3)+a1]k I 'j(l v) v dv
o (N—1 ®), [1- az_(1+qo)(al+a3)]k2
Thales ZZZ( v (") [ (e, + ) + Tk, 1K, !

+na3ﬂi i i“ _ (nql 1)( )k1 [1— (061 +k05'3|2((l:|1 +1) — O{Z]k2 J.(l V) y (K +1)— Ly
b=

kl
J‘ (1 o V) P Vﬂ.(kz +1)71dv

=0k, =

k

1 -
Using, I(l—v)’“v’”“‘”l)‘ldv = B{ﬂ(kz +1),(k1+1ﬂ
0 4
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()k1 z)kz k, n t)kl[l (e +as) - Olz]k2 k,
M, (1) =a, /1;);) T B{ (k, +1)( +1ﬂ azzoﬂz;];)k; %[ J r B{ (k2+1),(/1+1ﬂ
e (a, + Mﬂlw@(_l)%nl ), [L1-a, -], sl 1(k 1[k e (e, + )/1“1‘"” 1y
+Ney(a, +a, quz‘,oék; 6 J0u(en @)+ adk K, { (k, +1), - H o (o, + %ZMZ%Z %
(t)kl[l_o‘z_(:I-'|'q(J)(0‘1"'0‘3)]k2 k C& @ n-1 (t)kl[l a, - (1+q1)(a1+a3)]k2
x X PETARATTY B{i(kz+l)(i+l)}+na3l;)§kzz( 1) ( ] T
B{i(kﬁl),[l;iﬂﬂ
(4.3

mgf of concomitant of r'™ order statistics Y[m] can be obtained by using the relation (see Balasubramanian and Beg; 1998)

-1}3\(n
i-n+r-1
(0= 60 (5t
Therefore, in view of (4.3), we have

M ®) = Z -1 ”*”(' ]( j{ zzz(t)klk ™ IZ)kz B[,z(k2+1),[%+1ﬂ

n-

_azﬂzzz( 1)q[ j(t)kl[l %f(aii:‘las) Olz]kZB|: (k2+1),[%+1]}

o (@, + )23 3 Y (D) [H] W=, ol B{ﬂ(kz +1),(%+1ﬂ

4o=0k=0k,-0 [Go (e +ex3) + e, Tk, 1K, !

|a1<a2+a3)zziz( 1)‘*( ]“) [l = (4 o)(a + )] E{z(kﬁl),(%ﬂﬂ

Go=0 k=0 k, =0 [a, (e, + @) + e 1K, 1K, !

+|asﬂZi Z( l)q ( j(t) [1 (0(1 +k0£'3i2(?1 +1) az]k2 B|:/1(k2 +1),(%+1j}j|

6, =0k =0 k,=0

as the required expression for mgf of concomitant of r'™ order statistics Y[m] .

5. JOINT DENSITY OF CONCOMITANT OF TWO ORDER STATISTICS

Let Y[r ] and Y[s n] be the concomitant of r'"and s™ order statistics, respectively. Then the joint pdf of Y[r ] and Y[S n] in general,
is given by
0 Xy
oV ¥2) = [ [ F O IR T (Y, 1%) F, g (0 %, )by,

where f_ . (X, X,) is the joint pdf of X . and X, . Here, as we have pdf existing at three different conditions. So, the joint
density of concomitant of two order statistics will be given as;

g[r,s:n](ij' Y2) = |1+ I2 + |3+ |4+ |5+ Ie + I7




.
)
P

Fara)
g8 “&¥/ M. J. S. Khan & S. Kumar: On Concomitant Of Order Statistics From Bivariate...

where, |1, ey |7 are the joint densities under different conditions and are define below;
Case I: When X <Y
If: 0<X <Y, <X, <Y, <00;then

Y2 Y1

Il - J.J. fl(yl | Xl)fl(yZ | X2) fr,s:n (Xl’ X2)dX1dX2
Y

Using (1.9) and (2.5), we have

=Cranln+ ) 20 ) -y (e ) - (- Y - -y - ey YT

r-1s-r-1

AL Qe YT 2 R e i l)f et -e ) M-y Tl A-e ) ¥

L-[1-{1-(L-e )} =" I e (l-e ) 1-(l-e )1 L-{l- (- )yt
X[l— [1_{1_ (1_ e—x1 )y}ﬂ]a1+a3 ]I+s—r—k—1dxl}dx2

on solving which We get
|, =C A2y ) (e (e - (e ) T - (- ) T Ll - (e Y]

N T Skl (_1)|+k s—r-1)(r- M1 e\ VA atas sk
S P ST D) (I+s—r—k)(n—s+k+1)[ . j[ | j[l L @) ¥ 1]

X[(l—{].— (1_ e—yl )y}i]aﬁ% )n—s+k+1 _ (1_{1_ (l— e—y2 )y}/l]a1+a3 )n—s+k+1]

If: 0< X, <X, <Y, <Y, <00;then
Y1 %o
2= [ ] R0 DR 1) T, o0 (6, %) dxd,
00
Again using (1.9) and (2.5), we have
1=+ ) 257 P (e hy e ) T e Y T T (e ) T - e YT
r-1s—r- -1 Y1 .
><[1 {1 (1 e Yz /} ]arlz Z I+k [S r- j( Jj'exz (1_ef><z)yfl[1_ (1_e—x2 )7]1—1[1_{1_ (1_e—x2 )y}A]aﬁaa—l
X[l—[l—{l— (1_ e )y}l]al+a3]n—s+k{J' g™ (1_ g™ )yfl[l_ (1_ e—xl)y]l—l[l_{l_ (1_ e—xl)y}l]aﬁarl
><[1_[1_{1_ (1_ e—xl);/}l]a1+a3]l+s—r—k—1 dXi}dXZ

on solving which we get
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Ayt (e (L-e ) - (e ) T - (e Y T - {L- (e ) Y]

- Q- ¥ S 1).+k[3 r- 1}[ | j{(1—[1—{1—(%:zriyilgaﬁaa)nSH

1=0 k=0

= Cr,s:n

I,

B a-n-{i-@a- e_Y1)7} ]a1+a3)n+l—r+1 :|

(n+1-r+1)

If: 0<X <X, <Y, <Y, <oo;then

Yo Xp
= [ [ 00 1) (95 1) Fr o0 06, %)%,
00

Again using (1.9) and (2.5), we have
l3=C, g (o +a,)* Aty e e (l—e Yt A—e Y [L-(L-e Y T L-(A—e ) I L -{l-(A—e ) ¥ 1%

r-1s-r-1 1 Y2
1-{1- (- eYZ)}]“Z’lZZ( 1)'*k[S - j( J [e@-em)y n-(-e )T n—fL-@-e )y ¥t

x[1—[1—{1—(1—e**2)V}*]“i*“a]”-“k{j el-e )Y -L-e )Y T - fL- (e )y Pt
X[l— [1_{1_ (l— e**l )y}l](l1+(13 ]I+-s—r—k—ldxl}dx2

on solving which we get

=C /127,Zef(y1+yz)(1_ efyl),vfl(l_ gV )7*1[1_ (1_ efyl)r]/lfl[l_ (1_ g% )7]/171[1_{1_ (1_ efyl)r}i]arl

L—{l-(1—e™* )y}z]azflrz_l: Sil(—l)“k [S —ll(’ —1J[r I—lj

y (l— [1_{1_ (1_ e—y2 )y}l]aﬁaa )n—s+k+l ~ (l—[l—{l— (1_ e—y2 )y}l]a1+a3)n+l—r+l
(n—s+k+1) (n+l-r+1)

Case Il: When X >Y

If: 0<y, <X <Y, <X, <o00;then

o= [ B0 10T (52 1) 4 (0 X,

Y2 1

Using (1.10) and (2.5), we have
o (e + ) Aty e O (e (e ) - (e T - (e T L (e Y

[1-{l-(1- eyz)y} ]a2+a3—1rzl\‘szr:1( l)|+k (S r— 1}([" 1j.[exz (1_e*Xz)7/*1[1_(1_efxz)}/]7r1[l_{l_(1_e7><2)7}}v]a1—1

1=0 k=0

I rsn

L-[1-{L-(@-e™) ¥ ] ]”’“k{f e(l-e) L-(1-e )T L-{I-(1-e) ¥

L-[L-{1- (- )y ]nre] =" Tdxdx,
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on solving which we get

1= Cantn’ (0 + ) 27776 O L) ey - (e T e Y TR e Y

r=1 s—r-1l+s—r—k-1n-s+k _ k | -r—-k-1 -r-1 -1
l—fl— (e )Y ]aﬁaﬁzz Z Z( 1)|+k+g1+g2[n gs+ J[ +s ;’ ](S l: j(rl ]

1=0 k=0 g=0 g,=0 2

X : —[L-{l—(L—g ) Y lar)s e _0_(1_ e VoA @tas)ota
(@ )0+ (e ey, radl o O 4me Y a-{-@-e)y¥)

-a-{1-(1- eh )7}?»)(111+aa)91+0ﬁ]

If. 0<y, <Y, <X <X, <o0;then

0 X

5= [ | f0n (5 1) Fr g (%, )dx,dlx,

Y2 Y2

Using (1.10) and (2.5), we have

&ty + o) 2y e O (- ) e L (e - (L T L (e YT

I'Sﬂ

r-1s-r-1 -1
X[l {1 (1 e Yz) } ]az+a3—1z Z( l)l+k (S r- 1J(r| ]J‘exz (1_e7><2)7—1[1_(1_efxz)y]l—1[1_{1_(l_efxz)y}}»]arl

LB {l- (e P e ey - (e ) -G YT
AL (- Y F T g,

After some computation we get
Iy =C,gat (e, +0)* A% 76 O (L7 A (e ) - (e T - (e ) T (e YT

—yzy/1a2+a3—1r7157r71|+57r7k71n75+k (_l)|+k+gl+92 n—-s+k)Yl+s—r—-k-1\s—-r-1\(r-1
ween T S el o ko L A1)

1=0 k=0 =0

X|:{l—[1—{1—(l—eVz)r}l](aﬁ%)gﬁ(“S+K)gz+2a1} L)Y ]alwg oo {1 1-{l-(@1-e )Y ]n s+k)gp+ay }:|

(o, + )9, +(n—s+k)g, +2¢, (n-s+k)g, +«

If: 0<y, <Yy, <X <X, <c0;then

© Xy

= J.I £ 0y I X) T (Y, %) f o (X X, ) dx,dX,

iy

Again on using (1.10) and (2.5), we have

Iy =C, qut (o, + ) A1y e O (L A ey - (L-e ) - (- ) T L (e ) F

I'SI'I

X[l {1 (1 e yz) } ]a2+a371rzlsil( 1)I+k [S r— 1][rl_1j‘|‘e—xz (1_e—><2 )7*1[1_(1_6—)(2)7]171[1_{1_(1_e—xz )}/}}n]al—l

L-IL-{L-@-e ) ¥ j et (l-e ) I-(1-e )T L-{I-@-e ) ¥

L-[L-{1-(L-e ) F 1] dx Jdx,
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on solving which we get

Ie _ Cm:nalz(az +a3)2/1272e7(yl+)’2)(1_efy1),vf1(1_efyz)yfl[l_(1_efy1)r]ﬂfl[l_(1_efyz)y]/lfl[l_{l_(1_e*>’1)7}ﬂ]az+ar1
B o r=1 s—r—1l+s—r—k-1n—s+k _1 I+k+g;+0, n-s+k\l+s—-r-k-1\s—-r-1\/r-1
B il L DR R
1=0 k=0 g=0 g,=0 [(a1+a3)gl+a1] 9, 9, k I

. l:{l_ L-{l-(1-e )7}1](a1+a3)(91+92)+2a1 } _{[1_{1_ 1-e* )r}ﬂ ](aﬁ%)gﬁal [-{i-(- efyl):/}A](aﬁaa)(gﬁgz)ﬂal }:|

(oq+a5)(9,+9,) + 20 (o +a3)0, + oy
Case I1l: When X =Y : then

I, = f3(y1 | X1) fs(yz | Xz) fr,s:n (Xl' Xz)

On using (1.11) and (2.5), we have

I =C, g’ Ay e U (e Y (- ey - (- e Y T - (-6 TP - (- ety Y e
r-1s—r-1 _ _1 _1
X[].—{l— (1_ e—yz )V}l]a1+a2+a3—1z Z (_1)I+k (S l: j(r | j[l_[l_{l_ (1_ e-Yl)V}l]a1+a3 ]I+s—r—k—1

x[]__[l_{l_(1_e*Yz)7}?~]a1+a3]n—s+k
After adding |1, ey |7 we get the required joint density of two concomitant of order statistics.
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