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Abstract: In this paper, we find integral presentations of incomplete gamma functions. Using these results we construct bivariate
gamma distributions and prove some properties of such distributions.
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1. INTRODUCTION
Definition 1.1: For Re(s)>0, the lower incomplete gamma function is defined as:
X

v(s,x) = f t571 e7tdt,
0
and the upper incomplete gamma function is defined as

I'(s,x) = f t571 e~tdt.
X

Clearly,

[(s,x) = y(s) —y(s,x) (1.1)
Moreover, y(s,x) — y(s) as x —oo and I'(s,0) = I'(s).

Definition 1.2: The beta function is defined as follows: for 0<x<I,Re(s)>0 and Re(t)>0
X

B(s,t) = f w1 —uw)tt dt.
0
The properties of these functions are listed in many references (for example see[5], [7], and [12]).

In particular, the following properties are needed:
Proposition 1.3: ( see [3] ) For Re(s)>0
DI(,x) =e%

2)T (%, x) = Vm erfc(vx%),

Ny@d,x)=1—e7%
4y (%x) = VT erf(VX),

The incomplete gamma functions are used in the discussions of power-law relaxation times in complex physical
systems (Sornette ([11]); logarithmic oscillations in relaxation times for proteins (Metzler et al. ([6])); Gaussian orbitals
and exponential (Slater) orbitals in quantum chemistry (Shavitt ([9]), Shavitt and Karplus ([10])).

Recently, products of Incomplete gamma function are presented as integrals in [1] and [2].

Proposition 1.4: For k0

t
1
J- r$ e ¥dr = o v(s + 1,kt).
0
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PROOF: The substitution u=kr gives

t 1 kt 1
f r$ e Krdr = k5+1J. u® e Udu = e v(s + 1,kt).
0 0

As a remark the equation is valid for the case when k=0, in this case L'H0pital's rule is needed.
Remark 1.5: The transforms u=zw and v=z(1-w) maps the region

QG ={uv):0<u<tld<v<ow}
into
Q, ={(w,z):0<w<1,0<z<£}.

2. BIVARIATE GAMMA DISTRIBUTIONS

A bivariate gamma distribution constructed from specified gamma marginals may be useful for representing joint
probabilistic properties of multivariate hydrological events such as floods and storms ( see [14]).

In this section, we construct bivariate gamma distributions and prove some properties of such distributions.
The basis for their construction is the following characterization of gamma and beta distributions due to Yeo and Milne
[13]. Recent bivariate gamma is constructed in [8].

Definition 2.1: A random variable X is beta distributed with shape parameters s and t if its probability density function
is
xs—l(l _ x)t—l
) =——F——
/ B D
Definition 2.2: A random variable X is gamma distributed with shape parameters s and scale parameter t if its
probability density function is

,0<x<1;s>0,t>0.

()—tsxs_lexp(_tx) >0i5>0,t> 0
flx) = ) , X ;S , .

Assume that W is beta distributed with shape parameters b, and b, . Assume further that U and V are gamma
distributed with shape parameters a, and a, respectively, and the scale parameters i andi, respectively. The question
here

What is the joint probability density functionof X=UWand Y=V W ?

An answer is given in [8] for the case when a, =a,=b;+b,.

In this paper, we give an answer for the case b, +b,-a, -a,=1.

Now, we prove the following result which is needed later
Theorem 2.3: For t>0, Re(a)>0 and Re(b)>0. The product y(a, t)['(b) satisfies
y(a, t)l"(b):foly (a + b,é) wa (1 —w)P1 dw.

PROOF: The transforms u=zw and v=z(1-w), Proposition 1.4, Remark 2.3, and Definition 1.1. give
y(a, t)F(b):fOt fooo e *u* e VP 1ldv du

t
1 —_
= f fwe‘z""(zw)“‘1 e ZA M (z(1 — w))P~Y(zdz dw)
0 Yo
= v (a+bS)wit @ —w)’" aw.

Equation 1.1. and Proposition 1.3 give
Corollary 2.4 : For t>0, Re(a)>0 and Re(b)>0. The product T'(a, t)['(b)satisfies

M@ Or®) = [T (a+b5)w (1 -w)'™" dw.
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In particular, for 0<Re(a)<1 and t>0
t
1 e w
['(a, )1 —a)= fO W dw.
Theorem 2.4: Assume that W, U and V are independent random variables where W is beta distributed with shape

parameters b, and b,, U and V are gamma distributed with shape parameters a, and a,and scale parameters #i and#i,
1 2
respectively where b, +b,-a, -a,=1. Define X = U W and Y =V W, then the joint distribution of X and Y is given as

xal—lyaz—lr(bl_al_az’i+L)

_ H1 U2
fxy) = T(a1)u, 11, 42 B (b1.b2)

PROOF:
ud1-1 ud1—1
a u aq v Wbl_l(l—W)bZ_l
f(u,v,w)=21— ex (— —) H_—_ ex (— —) _—
VW)= oy €XP ) Tap P\" % Bbrb)
uf1-1yd2-1yb1-1c1_y)b2-1 ( u v )
= exp(—(—+-)).
U1%1u1%1T(aq)l(a1) B (b1,b2) p (H1 Hz)
Therefore,
xal—lyaz—lwbl—l—al—az(1_W)b2—1 1 (u v)
f(x,y,w) = ex -4+ — .
Gayw) U1%1u1%1T(aq)l(a1) B(bq,b2) p w1 U
Then

xa1-1yaz-1

fey) = 5 fol whiTlma1ma2 (1 — w)Pz"lex p (_i(i += )> dw .

#1%1p141T (a1l (a1) B (b1,b2) wl\ny | oug
If by+b,-a, -a,=1 and using Equation 2.4, we get

xal‘1ya2_1F(b1—a1—a2,i+L)
f(X,y) - H1 K2 .
['(ag)u,*1p,%2 B (by,by)

The following are the contour diagram and 3D representation of this distribution for the case when b;=4.5, b,=0.5,
a,; = 2.5 and a,=1.5 and the contour diagram and 3D representation of the distribution for the case constructed when
a=1, b=1, and c = 2. The densities of bivariate gamma distribution in this paper and th e one constructed in [8] look
different.

a;=25,a,=15,b;=45, b,=0.5
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Figure 1. Contour diagram of f(x,y)
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a;=2.5,a,=1.5 b;=4.5 b,=0.5
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Figure 4. 3D representation of f(x,y) in [8]
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