Journal of the Association of Arab Universities for Basic and Applied Sciences (2016) 20, 84-88

University of Bahrain

Journal of the Association of Arab Universities for
Basic and Applied Sciences

www.elsevier.com/locate jaaubas
www.sciencedirect.com

aladinly 4y S Bgad o ggiag ALY acad Ayl caipl) cld 4 hal) Ag all Ay
4511 4l

Ibrahim A. Abbas

Mathematics Department, Faculty of Science and Arts — Khulais, King Abdulaziz University,
Jeddah, Saudi Arabia
Mathematics Department, Faculty of Science, Sohag University, Sohag, Egypt

tudlal)

Ak Bl (& g Ayg S Bead o (gsing e avad B Digpe Al Jliie) &5 a1
ssadll 12l mdand) (ot dgaad)l g pdll eV 8 ALy LAl iyl cld dyhall A sl
O gat Baadiiy LD Byseall 8 bl 2 3sall Jysaing calga¥l alaes) Alla 8 3g)ha ]
Al al) Ayyla Galad 5 L Agaially A shiad) ddialill Y abeal) 3ypm 8 Vbl gy 3 (LY
O Jisad ehaly saae Gal 3l il (puy Al hgear AN Jolal) o Jpeanll
bl e sl il bl 586 maias & lpaus daadl @l e Jpanll 2 el
3 ydinall A5l 5dl)

I.A. Abbas



Journal of the Association of Arab Universities for Basic and Applied Sciences (2016) 20, 84-88

University of Bahrain

Journal of the Association of Arab Universities for
Basic and Applied Sciences

www.elsevier.com/locate/jaaubas
www.sciencedirect.com

ORIGINAL ARTICLE

Eigenvalue approach to fractional order

@ CrossMark

thermoelasticity for an infinite body with

a spherical cavity

Ibrahim A. Abbas

Mathematics Department, Faculty of Science and Arts — Khulais, King Abdulaziz University, Jeddah, Saudi Arabia
Mathematics Department, Faculty of Science, Sohag University, Sohag, Egypt

Received 5 August 2014; revised 26 October 2014; accepted 27 November 2014

Available online 22 January 2015

KEYWORDS

Fractional order;
Laplace transform;
Thermoelasticity;
Eigenvalue approach

Abstract In this article, we consider the problem of a thermoelastic infinite body with a spherical
cavity in the context of the theory of fractional order thermoelasticity. The inner surface of the cav-
ity is taken traction free and subjected to a thermal shock. The form of a vector—matrix differential
equation has been considered for the governing equations in the Laplace transform domain. The
analytical solutions are given by the eigenvalue approach. The graphical results indicate that the

fractional parameter effect plays a significant role on all the physical quantities.
© 2014 The Author. Production and hosting by Elsevier B.V. on behalf of University of Bahrain. This is
an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/3.0/).

1. Introduction

Biot (1956) modified the classical uncoupled theory of ther-
moelasticity by eliminating the paradox that elastic changes
have no effect on the temperature. The heat equations for both
theories predict infinite speeds of propagation for heat waves.
So, various generalized theories of thermoelasticity were devel-
oped. Lord and Shulman, 1967 established the first model gen-
eralized thermoelasticity theory (LS). Green and Lindsay
(1972) proposed the temperature rate dependent thermoelas-
ticity (GL) theory. During the second half of twentieth centu-
ry, a large amount of work has been devoted to solving
thermoelastic problems. This is due to their many applications
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in widely diverse fields. In the contexts of the thermoelasticity
theories, the counterparts of our problem have been consid-
ered by using analytical and numerical methods (Abbas,
2008, 2012, 2014; Abbas and Abo-Dahab, 2014; Abbas and
Kumar, 2014; Abbas and Othman, 2012; Abbas and
Zenkour, 2013; Abd-alla and Abbas, 2002; Dhaliwal and
Sherief, 1980; Sherief and Anwar, 1988, 1989; Sherief et al.,
2004; Zenkour and Abbas, 2014a,b).

Fractional calculus has been used successfully to modify
many existing models of physical processes e.g., viscoelasticity,
chemistry, electronics, wave propagation and biology. One can
state that the whole theory of fractional derivatives and inte-
grals was established in the second half of the nineteenth cen-
tury. Various definitions and approaches of fractional
derivatives have become the main purpose of many studies.
Youssef (2010) and Youssef and Al-Lehaibi (2010) established
the fractional order generalized thermoelasticity of both weak
and strong heat conductivity in the context of generalized
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thermoelasticity were considered, and the corresponding
variational theorem for fractional order generalized thermoe-
lasticity was developed. A new model of fractional heat equa-
tion established by Ezzat (2011b) and Ezzat and El-Karamany
(2011a,b). In addition, Sherief et al. (2010) established a new
model by using the form of the heat conduction law. Kumar
et al. (2013) studied the plane deformation due to thermal
source in fractional order thermoelastic media.

In this work, we consider fractional order generalized ther-
moelasticity of an infinite body with spherical cavity under
thermal shock. The inversion of Laplace transform has been
carried out numerically by applying a method of numerical
inversion of Laplace transform based on Stehfest technique
(Stehfest, 1970). Numerical results for physical quantities are
represented graphically.

2. The Governing equation

The heat conduction equation takes the form, (El-Karamany
and Ezzat, 2011; Ezzat, 2011a),

(KT) 0+17Zﬂ (pc.T+7yToe), 0<a<l
v 91" T(o+ 1) grws ) Peetd TT506), =

(1)
The equations of motion without body force take the form

8211,'
ij = pﬁ (2)

The constitutive equations are given by

oy = 2ue; + [Ae — (T — Ty)]0y, (3)

where T is the temperature; A, i are Lame’s constants; 7Ty is the
reference temperature; « is the fractional parameter; c, is the
specific heat at constant strain; Kj; is the thermal conductivity;
p is the density of the medium; 7, is the thermal relaxation
time; o; are the components of stress tensor; ¢ is the time; J;
is the Kronecker delta symbol; o, is the coefficient of linear
thermal expansion; ; are the displacement vector components
and e; are the components of strain tensor.

Now, we suppose elastic and homogenous infinite body
with spherical cavity occupying the region a < r < oo. Because
of the symmetry, all the state functions can be expressed in
terms of the space variable r and the time variable ¢. In a
spherical co-ordinate system (r,¢,¥), the displacement

components have the form
u, =u(r,t), uy=nuy=0. (4)

The strain—displacement relations are

u u u
O =5 €0 =1 = s ey = ey = ey = 0, (5)
_ Ou u
2 6
~or + ©)
Thus, the stress—strain relations are
du ou
L =2 8—+)(8 +2 )—y(T—To), (7)

5]
0¢¢:2u’—Lf+A<au+2 )—“/(T—To)7 (8)

(0
Gw¢:2Mg+A<au+2 )—"/(T— To) (9)

The equation of motion and energy equation have the form:

do, 1 & *u
o T (20, — 0pp — 0yy) = Pop

10(,0T\ (0 o 9 ou  2u
KZE(’ E)’<E+r(a+1)azl+m) <p T+VT°<0 * ,))
(11)

For simplicity, we will use the following non-dimensional
variables (Othman and Abbas, 2012).

(1) (g gy (15)
CX b b 0 X
- 1 o '}’(T— TQ)
= T3 2 Om e o), T ==

(10)
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- O'ipdzv O{W)

; (12)

A2

where, ¢? =22 = K

From Eq. (12) into Egs. (7)~(11) one may obtain (after
dropping the superscript ' for convenience)

Ou 200 2 or_on "

o2 rdr rr or 0’

az_T_,.za_T a+ TZ al‘*'“ T+ %_’_%

orr r or ot T(a+1) ar+ Nor 7))

(14)
u u

(o :5+2ﬁ;7T, (15)
du u

Cpp =0y =Py +(1+5) =T, (16)

whereﬂ:ﬁzﬂ7 E—p}(T““.

From preceding description, we assume that the medium is
initially at rest. The undisturbed state is maintained at refer-
ence temperature. Then we have

Au(r,0) aT(r,0)
u(r,0) = (61 =0, 7(r,0) = (6t =0. (17)
The boundary conditions may be expressed as
on(a,t) =0, T(a,t) = H(1),
G"’(r7 l)|)—»ac 0 T(l" [)‘l—mc - 07 (]8)

where H(t) is the Heaviside unit step function.

3. Laplace Transform domain

Applying the Laplace transform define by the formula

Jis) = LIf(0)) = / " e, (19)

Hence, the Egs. (13)—(18) take the form
da 2du 2u dT
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_ 1 _

o, (a,s) =0,T(a,s) = > Gy (r,9)], . =0,1(r,s)|,_. =0.

(24)

Using Eq. (20) with the differentiating Eq. (21) with respect
to r we get

& (dT\ 2d (dT\ 2 (dT
W(E)JF?E(E)_TZ(E)
- (s + st F(o:if—l)) (szzi +(1+e) L;—f) (25)

Egs. (20) and (25) can be written in a vector—matrix differ-
ential equation as follows

LV = AV, (26)
=& 4242 P’ _ | My My
where L=4 4242 V=[ud] and 4= {Mﬂ Mo ]7

and M]] :Sz, M12 = 1, M21 :S2<S+Sl+xl—<ﬁrl)>, M22 =
(1 +ﬂ£)<s+s”“%>,

3.1. Solution of the vector-matrix differential equation

The using of eigenvalue approach (Das et al., 1997) to solve
the Eq. (26), the form of characteristic equation of the matrix
A as follows

My My — Mi;Msy — (M + Myy)+ 77 =0 (27)
where A= 4,, A= 4, are the roots of the characteristic
Eq. (27). The eigenvector X =[x, x,]", corresponding to
eigenvalue A can be calculated as:

X =M, ,x3=72— M. (28)

For further reference, we shall use the following notations:

X, = [, (29)

yl = [)?} ="

=iy
Thus, the solution of Eq. (26) takes the form:
17 = ’,—I/EX/‘] (A|I3/2(m|r) —+ A2K3/2(m]r))

+ 1'71/2/\_}2 <A313/2 (le}’) —+ A4K3/2 (mzr)), (30)
where A;, A,, A3, A4 are constants to be determined from the
boundary condition of the problem, m; = /;,m; = /75,
and /3, K3, are the modified of Bessel’s functions with order

3/2.
Thus, the field variables can be written for r and s as:

i(r,s) = ;fl/zx{ (Allm(mlp) + Asz/z(mlr))
" r—l/Zx%(A3]3/2(m2r) + A4K3/2(Mzr))a (31)

B 1251
T(}"7S) = m 2 (A]]l/z(l’n]l') — AzK]/z(mll'))

—1/2,2
X

+

m (A311/2(m21') - A4K1/2(m2r)), (32)
2

where x/ is the component number i of the eigenvector number
J. To complete the solution we have to know the constants
Ay, As, A3, and A4, by using the boundary conditions Eq. (24).

3.2. Numerical inversion of the Laplace transforms

The Stehfest method (Stehfest, 1970) is used in time domain
for the final solution of displacement, temperature and stress
distributions. In this method, the inverse f(¢) of the Laplace
transform f{s) is approximated by the relation

In2 & In2
=— ) ViF|—j 33
10 =523 vir(R2), (33)
where V7 is given by the following equation:
min (z%) (QJrl)
¥ K\ (2k)!
v,=(-nED S . 34
(=1 par (& — k) k(i — k) (2k — 1)! (34

The parameter N is the number of terms used in the
summation in Eq. (33). Thus, the solutions of all variables in
physical space—time domain are given by

In2 & In2
u(r,f) = HTZV,-Q <r“71) (35)

i=1

2 -/ In2
T(r 1) = — ZV,-T(;‘,HTI') (36)
i=1

Tt
4. Numerical results and discussion

The copper material was chosen for purposes of numerical
evaluations and the constants of the problem were taken as fol-
lows (Othman and Abbas, 2012)

4 =776 x 10" (kg)(m) ' (s) >, u=3.86 x 10"(kg)(m)'(s) 7,
T, = 293(K),

K = 3.68 x 10*(kg)(m)(K) ' (s) ",
¢ = 3.831 x 10*(m)*(K) ' (s) %, 7, = 0.02,

p, = 8.954 x 10°(kg)(m) ", o, = 17.8 x 10°(K)™", a= 1.

Numerical calculations are carried out for the temperature,
the displacement, the radial and hoop stress distributions
along the r-direction in the context of fractional order ther-
moelasticity theory (¢ = 0.1, = 0.3) and Lord-Shulman the-
ory (LS ata =1). The computation was performed for one
value of time, namely for # = 0.2. From Figs. 14, it is seen
that the temperature starts with its maximum value at the orig-
in and decreases until attaining zero beyond a wave front for
the generalized theory, which agree with the boundary condi-
tions. It is noticed that the temperature 7 decreases with
increasing the distance and decreasing the value of fractional
parameter o. Fig. 2 shows the displacement distribution u with
redial distance r for different values of «, and it is seen that the
magnitude of displacement component u« increases with the
decrease in the value of fractional parameter «. In all cases,
(ie.,0=0.1,0 = 0.3 and LS) the displacement component
attains maximum negative values and gradually increases until
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Figure 1 The temperature distribution 7 with distance r at
different values of a.
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Figure 2 The displacement distribution » with distance r at
different values of a.
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Figure 3 The radial stress distribution o, with distance r at

different values of .

it attains a peak value at a particular location in close prox-
imity to the inner surface of cavity and then continuously
decreases to zero. Fig. 3 displays the variation of redial stress
with redial distance r for different theories and it is noticed
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Figure 4 The hoop stress distribution o4, with distance r at
different values of «.

that the stress, always starts from the zero value and termi-
nates at the zero value to obey the boundary conditions.
Fig. 4 shows the variation of hoop stress with respect to radial
distance r and it is noticed that the hoop stress has a maximum
magnitude at the boundary. It is noticed that the absolute val-
ue of stresses decreases with the decrease in the value of frac-
tional parameter o.

Finally, we have noticed that the fractional order has a
small effect in the displacement while it has a great effect on
the distribution of the other field quantities.

5. Conclusions

The problem of investigating the temperature, displacement,
and stresses in an infinitely body containing spherical cavity
under generalized thermoelasticity theory with fractional order
derivative. The inner surface of the cavity is subjected to a
thermal shock with the traction free. According to this work,
the fractional parameter effect plays a significant role on all
distributions. Thus, we can consider the generalized thermoe-
lasticity with fractional order derivative as an improvement
on studying elastic materials.
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