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In this article, new (G’/G)-expansion method is used to look for the traveling wave
solutions of nonlinear evolution equations and abundant traveling wave solutions to the
Zakharov-Kuznetsov—Benjamin-Bona-Mahony equation are constructed. The performance of the
method is reliable, useful and gives more new general exact solutions than the existing methods.
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Introduction

It is well known that nonlinear evolution equations (NLEEs)
are widely used to describe complex phenomena in various
fields of science, especially in physics, plasma physics, fluid
physics, quantum field theory, biophysics, chemical kinemat-
ics, geochemistry, electricity, propagation of shallow water
waves, high-energy physics, quantum mechanics, optical fibers,
elastic media and so on. The analytical solutions of such equa-
tions are of fundamental importance. Among the possible
solutions to NLEEs, certain special form solutions may
depend only on a single combination of variables such as
solitons. In mathematics and physics, a soliton is a self-
reinforcing solitary wave, a wave packet or pulse that upholds
its shape while it travels at constant speed. Due to the avail-
ability of symbolic computation software, direct methods to
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search exact solutions have attracted much more attention.
In the past years, many powerful and direct methods have been
developed to find special solutions, such as, Weierstrass elliptic
function method (Kudryashov, 1990), Jacobi elliptic function
expansion method (Chen and Wang, 2005; Liu et al., 2001),
tanh-function method (Malfliet, 2004; Malfliet, 1992; Abdou,
2007; Wazwaz, 2008; Fan, 2000), Inverse scattering transform
method (Ablowitz and Clarkson, 1991), Hirota method
(Hirota, 1971), Backlund transform method (Rogers and
Shadwick, 1982), Exp-function method (He and Wu, 2006;
Nabher et al., 2011, 2012; Mohyud-Din, 2009, 2010; Akbar
and Ali, 2012), Truncated Painleve expansion method
(Kudryashov, 1991), Extended tanh-method (Abdou and
Soliman, 2006; El-Wakil and Abdou, 2007; Lii and Zhang,
2004) and the homogeneous balance method (Zhao et al.,
2006; Zhaosheng, 2004; Zhao and Tang, 2002) are used for
searching the exact solutions.

Lately, Wang et al. (2008) introduced a direct method,
called (G'/G)-expansion method and demonstrated that it is a
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powerful method for seeking analytic solutions of NLEEs. For
additional references see the articles (Akbar et al., 2012a,b,c;
El-Wakil et al., 2010; Parkes, 2010; Akbar and Ali, 2011;
Zayed, 2009a,b; Zayed and Abdelaziz, 2010, 2012a,b, 2013;
Zayed and Al-Joudi, 2009, 2010; Zayed and Gepreel,
2009a,b; Zayed and Gepreel, 2011). In order to establish the
efficiency and tenacity of the (G’/G)-expansion method and
to extend the range of applicability, further research has been
carried out by several researchers. For instance, Zhang et al.
(2008) made a generalization of the (G’/G)-expansion method
for the evolution equations with variable coefficients. Zhang
et al. (2010) also presented an improved (G’/G)-expansion
method to seek more general traveling wave solutions. Zayed
(2009a,b) presented a new approach of the (G'/G)-expansion
method where G(&) satisfies the Jacobi elliptic equation,
[G(E = er G}E) + ¢ GX(E) + ey, ea, e, o are arbitrary con-
stants, and obtained new exact solutions. Zayed (2011) again
presented an alternative approach of this method in which
G(¢) satisfies the Riccati equation G'(¢) = AG(¢) + BG(&),
where 4 and B are arbitrary constants.

In this article, we use a new (G'/G)-expansion method intro-
duced by Alam et al. (2013) to solve the NLEEs in mathemat-
ical physics and engineering. To illustrate the originality,
consistency and advantages of the method, Zakharov-Kuznet-
sov—Benjamin-Bona-Mahony equation is solved and abundant
new families of exact solutions are found.

The method

Suppose the nonlinear evolution equation is of the form
(1)

where P is a polynomial in u(x,f) and its partial derivatives
wherein the highest order partial derivatives and the nonlinear
terms are concerned. The main steps of the method are as
follows:

Puty gty gy gy Uy, - - ) =0,

Step 1: Combining the real variables x and ¢ by a compound
variable ¢, we suppose that

ulx,t) =u(é), E=x+y+zEV, (2)

where V' is the speed of the traveling wave. Eq. (2) transforms
Eq. (1) into an ordinary differential equation (ODE) for

u = u(d):

Q(u7 u,’ u//’ u”” i

) =0, 3)

where Q is a function of u(¢) and its derivatives in which prime
stands for derivative with respect to ¢.
Step 2: Assume the solution of Eq. (3) can be expressed as:

m

u(é) = Z a(k+ ®(8))', (4)
G'()

where ®(¢) = ——=. 5

O =5 (5)

Herein o_,, or o, may be zero, but both of them can not be

zero simultaneously. o; (i = 0, £1, £2,..., £N) and k are

constants to be determined later and G = G(&) satisfies the sec-
ond order nonlinear ordinary differential equation:

GG" = AGG' + BG* + C(G')’, (6)

where prime denotes the derivative with respect to &; 4, B, and
C are real constants.

The Cole-Hopf transformation ®(¢) = In (G(¢)). = % re-
duces the Eq. (6) to the Riccati equation:

B'(8) = B+ AD(E) + (C— 1)O(©). (7)

Eq. (7) has 25 individual solutions (see Zhu, 2008 for details).
Step 3: The value of the positive integer m can be deter-
mined by balancing the highest order linear terms with
the nonlinear terms of the highest order shown in Eq. (3).
Step 4: Substitute Eq. (4) including Eqgs. (5) and (6) in Eq.

g j)l and

(&)
G(&)

(3), we obtain polynomials in <k+

<k + Ggé;;) 71, (i=0,1,2,...,N). Collect each coefficient

of the resulted polynomials to zero, yields an over-deter-
mined set of algebraic equations for o; (i =0, %1,
+2...., £N), k and V.

Step 5: Suppose the value of the constants can be obtained
by solving the algebraic equations obtained in Step 4. The
values of the constants together with the solutions of Eq.
(6) yield abundant exact traveling wave solutions of the
nonlinear evolution Eq. (1).

Application

In this section, we will use the new (G’/G)-expansion method to

find exact traveling wave solutions of the celebrated Zakharov-

Kuznetsov—Benjamin-Bona-Mahony (ZK-BBM) equation.
Let us now, consider the ZK—BBM equation

(3)

Using the traveling wave variable u = u(¢), £ = x — Vt in
Eq. (8) and integrating once, we obtain

(1= Wu—al+bVu'" +C, =0,

u; + u, — 2auu, — bu,,, = 0.

)
where C; is an integration constant.

Considering the homogeneous balance between «” and > in
Eq. (9), we obtain m = 2. Therefore, the trial solution becomes

(@) = aa(k+@(8)) 7 + o (k + ®(E) ™ +ap + o (k + D(&))
+an(k + (&), (10)
Using Eq. (10) in Eq. (9), the left hand side transforms into
polynomials in (k + %)17 i=0,1,2,...,N)and (k + 2’((;)) —1,
(i=0,1, 2,..., N). Equating the coefficients of same power
of the resulted polynomials to zero, we obtain a set of algebraic
equations (which are omitted for the sake of simplicity) for wy,
oy, 0o, 01, 02, k, Cy and V. Solving the over-determined set of
algebraic equations by using the symbolic computation soft-
ware, such as Maple 13, we obtain

Set 1:
6bV(C — 1) 6bV(=2C%k + 4Ck + AC — A — 2k)
0 = f7 o = a
1

oy = 2—(12bVC2k2 — 12bVKAC + 12bVE* + 12bVk A
a

— 24bVCk* +8bVBC —8bVB — 1 — V + bV A?),

V= V7 k:k, o_q :07 0(,2207

I
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1
1= (16b°V*B*C? + 166> V2 B* + 8b* V> 4> B — 8b* V> 4> BC

+ VAT = 02D VPBC -2V — 1 = V), (11)

C

where k, V, A, B and C are arbitrary constants.
Set 2:

1
ot = — (12bVC* > + 12bVE> + 12bVkA — 12bVkAC

2—a24bVCk2 +8bVBC —8bVB+1—V +bVAY),
2= &’TV (2Bk — 2C°k — BA — 2k — 34K> — A’k
+ 3A4CK* 4 4Ck’ — 2BCK)
o0y = 6b—V(C2k4 —2BK + B + k* + 24K’ + A%k

a
—2ACK* — 2Ck* — 2ABk 4+ 2BCK?),
V=V, k=k o,=0, o =0,
C = 4l (166> V2 B*C* 4 166° V> B> 4 8b*V? A°B
a
— 8D VPA’BC + b 1P A* — 320° VP B2 C + 2V — 1 — 1?),
(12)

where k,V,4,B and C are arbitrary constants.

Set 3:
azz%’l)z, aozzia(—2bVA2—8bVB+8bVBC+l—V),
oc,z:ﬁ(lﬂizczfSBCAZ73ZBZC+1632+8A23+A4)7
V:V,kzﬂééﬁ,mzo,m4:Q

G :%(256132 V2B C? +256b° V2B + 16b° V2 A* — 5126° V2 B*C
a
—1280* V2 A*BC+ 1280* V2 A*B4+2V — 1 — 1?), (13)
where V, A, B and C are arbitrary constants.

Substituting Egs. (11)—(13) in Eq. (10), we obtain

1
u (&) = 5 (126VC K> — 12bVEAC + 12bVE* + 12bVEkA

— 24bVCK* + 8bVBC — 8bVB+ 1 — V + bV A?)
N 6bV(=2C%k + 4Ck + AC — A — 2k) y
a

(k+(6'/G))

LBC-1 66 (14)

(&) = 21(12br/c2k2 — 12bVKAC + 12bVE* + 12bVkA
a
—24bVCI* + 8bVBC — 8bVB+ 1 — V + bV A%
N 6bV(—2Ck + 4Ck + AC — A — 2k)

a

1
=5, (126 VO — 12bVKAC + 12bVE® + 12bVEA

+8bVBC — 8bVB+ 1 — V + bVA> — 24bVCE?)

_ OBV o Bl 2 4 34K 4 A% — 3ACK
a

— 4Ck* — AB + 2BCk) x (k + (G')G))™"

+ 6[’—1/((72/5‘ — 2BI* + B + k* 42418 + A%
a

uz(f)

—2A4Ck> = 2Ck* — 24Bk + 2BCK*) x (k + (G'/G)) .
(15)

1 —1)?
u3(8) = =— (2bVA* + 8bVB — 8bVBC + 1 + V) Lsere-1y”
2a a

) (2(CA— Nt (G,/G)) - 8a(C3— 1) (168°C

—8BCA® —32B°C+ 16B” + 84°B + A*)

y (ﬁ+ (G’/G))z, (16)

where ¢ = x — Vt; V, A, B and C are arbitrary constants.
Substituting the solutions G(¢) of the Eq. (6) in Eq. (14) and
simplifying, we obtain the following solutions:
When A = A4>—4BC+ 4B >0 and A(C—1)#0 (or
B(C —1)#0),

1 )
}() =5 (126VCK* — 12bVRAC+ 12V + 125 VA

—24bVCK> +8bVBC —8bVB+1—V+bVA?)
+6bV(—2C2k+4Ck+AC—A —2k)

a

i sy (4 Vitann (vaz)) L 2C

a

X {k7ﬁ<A+\/Ztanh<\/Ké/2>>}z, (17)

1

w3 (€) :E(lszCZkz— 12bVkAC + 12bVEi* +12bVk A

—24bVCIk* 4+ 8bVBC —8bVB 41—V +bVA%)
+6bV(—2C2k+4Ck+AC—A —2k)

a

X {k_z(cil_n (A ++v/Acoth (ﬂé/z)) } Al

a

x{kz(cl_l)(AJr\/Zcoth(\/Zé/Z))}z, (18)

(19)

x {k _ ﬁ (A + \/Z(tanh (\/&) + isech<\/&)))}

6bV(C — 1)
e {k_z(c— D)

(A + \/Z(tanh (\/Zi) + isech(\/&))) }27
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1
&) = Z(lszczkz — 12bVkAC + 12bVE* + 12bVk A

— 24bVCI* + 8bVBC — 8bVB + 1 — V + bV A?)
N 6bV(—2C%k +4Ck + AC — A — 2k)
a

k= e (4 VA (con (V) £ esen(VE) ) }

i

2

# PHCI s (e V(oo (V) e (V52))) )

a

21 (12bVC*I* — 12bVKAC + 12bVE* + 12bVkA — 24bVCE* + 8hVBC

" 2a
6bV(—2C%k + 4Ck + AC — A — 2k)
a

% {kiﬁ <2A + \/K(tanh <\/Z~f/4) + coth (ﬂf/‘l)))}

HE)

—8bVB+1—V+bVA*) +

P Gy o Vo (V54 s (V55|

ub (&) = 2i (12bVC*I? — 12bVKAC + 12bVE* + 12bVkA — 24bVCE* + 8hVBC
a
N 6bV(—2C?k + 4Ck + AC — A — 2k)

—8bVB+1—V+bVAY)

a
. /A + 1) — F/A cosh (VA¢)
x|kt { A+
2(C-1) Fsinh (\/Ké) +B

6hV(C — 1) 1 +1/A(F + H*) — F\/Acosh (\/Zg)
b x|kt ———AK —A+
a 2(C=1) Fsinh (J&f) + B

ul (¢) 21 (126VC* K — 12bVKAC + 12bVE + 12bVkA — 24bVCK® + 8bVBC

a

~2Ck +4Ck + AC— A2
CSbVB 41— v bya?) 4 B2 C;c—l— c )

' +/A(F + H?) + FV/Acosh (\/Eé)

S/ LI SR
2(C—1) Fsinh (\/Zéf) 4B

6bV(C —1) 1 +1/A(F* + H*) + FV/Acosh <\/Z§>
4 x

ktsr—q—A+
a 2(C—1) Fsinh (ﬂg“) +B

(20)
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where F and H are real constants.

1
ub (€)= 5 (126 VO — 12bVKAC + 12bVE + 12bVkA — 24bVCEK + 8bVBC
a

N 6bV(—2C%k +4Ck + AC — A — 2k)
a

2B cosh (\/55/2>
x ¢ k+
{ VAsinh (\/Ké/2) — Acosh (\/Zé/2) }

6bV(C — 1) 2Bcosh <\/K5/2> ’
4+ x<k+ )
a V/Asinh (\/Zé/2) — Acosh (\/Zé/Z)

—8bVB 41—V +bVA?)

1
&) = —(12bVC*k* — 12bVKAC + 12bVEK* + 12bVkA — 24bVCK* + 8bVBC — 8bVB

2a
6bV(—2C%k 4+ 4Ck + AC — A — 2k)
a

2Bsinh (ﬂg/z)
X < k+
{ VA cosh (\/Zé/Z) — Asinh (\/Zf/Z) }
Jr()bV(C_l)zX . 2Bsinh <\/K€/2) ’
a VA cosh (\/Kg/z) — Asinh (JZ@/2) ’

i (

+1—V4+bVA) +

ul®(&) = 21 (126VC K> — 12bVEAC + 12bVE* 4 12bVkA — 24bVCK* + 8bVBC — 8bVB

Y
N 6bV(—2C%k + 4Ck + AC — A — 2k)

+1—V+bva?)
a

2Bcosh <\/Z£>
X < k+
{ V/Asinh <\/Z£) — Acosh (\/Zé) + l\/Z}
N M s 2Bcosh (ﬂg’) ’
a VA sinh (\/Kf) — Acosh <\/X§) +ivVA 7

! (12bVC* I — 12bVKAC + 12bVE* + 12bVkA — 24bVCk* + 8bVBC — 8hVB

" 2a

uy' (€)

N 6bV(—2C%k + 4Ck + AC — A — 2k)
a

2Bsinh <\/ch)
x < k+
{ VAcosh (\/Zg*) — Asinh (\/Z§> + \/Z}

+1—V+bva?)

2

6OV(C— 1Y 2Bsinh (ﬂé)
+——%x<{k+ :
a VA cosh (\/Ké) — Asinh <\/K<‘f) +VA

(25)

27)
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When A= A4>—4BC+4B<0 and AC-1)#0
(or B(C—-1)#0),

12

1
ul(é) = Z(lzbl/czkz — 12bVKAC + 12bVE* + 12bVkA — 24bVCk> + 8bVBC — 8bVB

—2C*k +4 AC—A4 -2
+17V+bVA2)+6bV( C*k +4Ck + AC k)

a
x {k+ﬁ (—A +V—Atan (\/—_Acf/2>>}

6bV(C — 1)*
ey

(28)

2
)

X {k+ﬁ <7A +V—Atan <¢TA§/2))}

ul (& ! 126V CK* — 12bVKAC + 12bVE* + 12bVEkA — 24bVCEK* + 8bVBC — 8bVB
! 2

a

N 6bV(—2C%k + 4Ck + AC — A — 2k)

+1—V+bva?)

X {k*ﬁ<A+\/f_Acot (ﬂg/z))} (29)

+%‘1)2 x {kfﬁ <A +v~Acot (\/_Ag/z))}z,

14

1
ult(¢) = 2—(12bVC2k2 — 12bVKAC + 12bVE* + 12bVkA — 24bVCk* + 8bVBC — 8bVB
a

6bV(=2C*k +4Ck + AC — A — 2k
+ 1= V+bVa®) + ( Atk )

‘ (30)
X {k - ﬁ <7A + ﬂ(tan (\/:&) =+ sec (\/?M)))}
L sbr(C- 1)°

x {k —ﬁ (—a+ V=A(tan (V=AE) % sec (ﬂé)))}z,

1
ul (&) = 5. (12b VCk* — 12bVKAC + 12bVE* + 12bVkA — 24bVCk* + 8bVBC — 8bVB

V(=2C%k + 4Ck + AC — A — 2k
+1—V+bVA2)+6b (Z2Ck +4Ck+ AC )

a
X {k—ﬁ(A—i—\/:X(cot (\/15) icsch(ﬂé)))} e

N 6bV(C — 1) y {

a

k — ﬁ (A —+ ﬂ(cot (\/—_Aé> ﬂ:csch(\/—_Aé>>> }2,
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1
ul®(¢) = E(12191/C2k2 — 12bVEAC + 12bVE* 4 12bVEkA — 24bVCk* 4+ 8bVBC — 8hVB
6bV(—2C%k + 4Ck + AC — A — 2k)

+1—V+4+bVA) +
a

1 . . (32)
X {k+ HC-1) (—2A + \/z<tan (\/zg/4> — cot <ﬂg/4>>>}
6bV(C — 1) 1 ( 2
+f X {k +m (—2/4 + \/—_A(tdn (\/—_A€/4) — cot (\/15/4)))} s
ul’(¢) :2—161(12bVC2/c2 — 12bVkAC + 12bVE* + 12bVkA — 24bVCk* + 8bVBC — 8bVB
2
1o V+bVA2)+6bV(—2C k+4C§+AC—A—2k)
| +£1/—A(F — H?) — F/—Acos (ﬂcﬁ)
x |k + —A+ (33)
2(C-1) Fsin (V=AZ) + B
6bV(C—1) 1 +1/—A(F? — H*) — F\V/—Acos (m&)
X |kt A+ ,
a 2(C—1) Fsin (\/—_Aé) +B

1
ul(&) = 5 (12bVC*I* — 12bVKAC + 12bVE* + 12bVkA — 24bVCk* + 8bVBC — 8hVB

-V brA) +6bV(—2C2k+4Ck+AC— A —2k)
a

| i\/m + FvV/=Acos (\/TACV) (34)

k —A
) +2(C_1) " Fsin(\/jé)—i—B
6bV(C . 1)2 1 :t\/ 7A(F2 — Hz) + FV—Acos (\/ 7Af>
4t X |kt —A+ J
a 2(C—1) Fsin <\/ 7A5> +B

where F and H are real constants such that F> — H> > 0.

! (12bVC* I — 12bVKAC + 12bVE* + 12bVkA — 24bVCk* + 8bVBC — 8hVB

" 2a

u’(€)

N 6bV(—2C%k + 4Ck + AC — A — 2k)
a

2Bcos (Mf/z)
X < k—
{ V—=Asin (\/j£/2> + Acos (\/15/2)}

+1—V+bva?)

2

6bV(C — 1) 2Bcos (V=A/2)
+——x<k— ,
a V—Asin (ﬂﬁ/Z) + Acos (\/—_Ag“/2>
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w2 (&) = %(lszCZkz — 12bVKAC + 12bVE* + 12bVkA — 24bVCk? + 8bVBC — 8bVB
6bV(—2C%k + 4Ck + AC — A — 2k)

+1—=V4+bVa®) + -

2Bsin <\/—A§/2>
x <k 4+ (36)
V—Acos («45/2) ~ Asin <\/—A§/2)

+6bV(C—1)2>< e 2Bsin (m&ﬂ) ’
a vV—Acos (\/-:&5/2) — Asin (\/:Kg“/2> ’

1
w2 (&) = Z(12b VCHP — 12bVKAC + 12bVE* + 12bVkA — 24bVCk> + 8bVBC — 8bVB

6bV(=2C%k 4 4Ck + AC — A — 2k)
a

. 2B cos (\/:Zc’)
) { - V—Asin <\/—_Aé> + Acos (m&) + ﬂ}

+1=V+bVa®) +

(37)

2

6bV(C — 1)2 2Bcos <\/ —Aé)
+——x k- )
a V—Asin (\/—M) + Acos (x/—Aé) + VA

w3 (&) 21 (126VC K> — 12bVEAC + 12bVEI* 4 12bVkA — 24bV Ck* + 8bVBC — 8bVB

" 2a
— 2 p— —
1 v by 4 OBV(E2CK 4k + AC— A - 2K)

2Bsin <\/——Ag’/2)
x < k+
{ V=Acos (Mé/z) — Asin <\/——Ag’/2) +V_A

2

6bV(C— 1) 2Bsin (V=A/2)
4+ ——x<k+ )
a vV=Acos <\/1£/2) — Asin (\/__Ag“/z) +v—A

When B = 0 and A4(C — 1) #0,

1
uB (&) = 2—a(12bVC2k2 — 12bVKAC + 12bVE* + 12bVkA — 24bVCk> + 8bVBC — 8bVB
6bV(—2C%k + 4Ck + AC — A — 2k)

+1—-V+bVa?) + -

Acy (39)
. {k T (C—1){e; + cosh(A8) — sinh(Aé)}}
6bV(C — 1) Acy :
t— {k* (C— 1){e) + cosh(AZ) — sinh(Ag“)}} :
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1
w4 (&) = == 126V C*k* — 12bVKAC + 12bVE* + 12bVkA — 24bVCK* + 8bVBC — 8hVB

2a
v+ 6bV(72C2k+4C(llc+ACf A —2k)
A(cosh(AE) + sinh(A4E))
% {k T {C—1){er + cosh(Ad) + sinh(Aé)}}
6bV(C — 1) A(cosh(A¢&) + sinh(4¢)) :
+ X {k T (C=Dfer + cosh(AE) + sinh(Af)}} ’

a

where ¢; is an arbitrary constant.
When 4 = B = 0 and (C — 1) #0, the solution of Eq. (8) is

25( ¢
&
(¢ 2a

+1=V+bVA>) +

a

6bV(C — 1) 1 ?
T X{’“(c—ném}’

6bV(=2C%k 4+ 4Ck + AC — A — 2k) y {k_ 1
(C—1)E+c

1
) == (12bVC*k* — 12bVKAC + 12bVE* + 12bVkA — 24bVCk” + 8bVBC — 8bVB

}

(41)

where ¢, is an arbitrary constant.
Substituting the solutions G(¢) of the Eq. (6) in Eq. (15) and
simplifying, we obtain the following solutions:
When A = A>—4BC + 4B >0 and A(C—1)#0 (orB

(C=1D=0),

1
&) = z(12ch2k2 — 12bVKAC + 12bVE* + 12bVkA + 8bVBC — 8bVB + 1
6bV

a

1

— V4 bVA> = 24bVCK*) — —— (2C*k* — 2Bk + 2 + 34K + A%k

~3ACK: — 4CK® — AB + 2BCk) % {k N (A +vAtanh (\/Zc/z)) }1

2(C—1)

0 6bTV(CZV — 2B + B + k' + 24K + A’ — 24Ck° — 2Ck* — 24Bk

+2BCK) x {k - ﬁ <A +VAtanh (\/Kf/z» }2,

(42)

where ¢ = x — Vt; k, A, B and C are arbitrary constants.

1
W2 (E) = — (126VC*K* — 12bVEKAC + 12bVE> + 12bVkA + 8bVBC — 8hVB + 1

2a

v
— V4 bVA* = 24bVCE) — 6

- (2C*3 — 2Bk +2I° + 34K* + A%k

2(C—1)

~3ACK> — 4CK* — AB + 2BCK) x {k b (A + VAcoth (\/Zé/z)) }_l

+ 6])7]/(02164 —2BI® 4+ B + k* + 241 + 4K — 24CK — 2Ck* — 24Bk

+2BCKY) x {k - ﬁ <A + VAcoth (ﬂg/z)) }27

(43)
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1
)= Z(lszczkz — 12bVkAC + 12bVI* + 12bVkA + 8bVBC — 8hVB + 1
6hV

— V4 bVA* = 24bVCI7) —

5

U

(2c2k3 2Bk + 2k + 34K + Ak

—3ACk2—4Ck3—AB+2BCk)X{k_z(cl 1)(A—i—\/'(tdnh(\/—f)ilSCCh(\/—Q)))}l

6bV(c2k4 2BK* + B? + k* + 24k + A% — 2ACK® — 2Ck* — 2A4Bk

+2BCk2)><{k— (Cl )<A+f<tdnh<fg>izsech(ff)))} -

(44)

The other families of exact solutions of Eq. (8) are omitted

for convenience.
When A = 4> —4BC + 4B < 0 and A(C—1)#0 (or B
(C—-1D=0),

ul?(é) = 21 (126VC** — 12bVEKAC + 12bVE> + 12bVkA + 8bVBC — 8bVB + 1

— V4 bVA> = 24bVCE) — (’Z’TV (2C*3 — 2Bk + 2I° + 34K* + A%k

~3ACK> — 4CK* — AB + 2BCK) x {k+ﬁ (fA +V-Atan (Mé/z)) }]

6bV(c2k4 2BI* 4 B* + k* 4+ 2417 + A%l — 24Ck° — 2Ck* — 24Bk

+2BCKY) x {k + 2(%_1) <7A +V-Atan (ﬂg/z)) }2,

(&) = 21 (12bVC*I?* — 12bVKAC + 12bVE* + 12bVkA + 8bVBC — 8bVB + 1

Vb — 2401k — PV 0 2Bk 120 434K + APk
a

— 3ACK® — 4CK® — AB + 2BCk) x {k - ﬁ (4+V=Acot (V=2¢/2)) }l

6bV(c2k4 2BI* 4 B* + k* + 241 + A%l — 24CKk° — 2Ck* — 24Bk

+2BCKY) x {k - ﬁ (A +V=Acot (\/i&/z)) }2,

1
wt(é) = Z(lszCZkz — 12bVkAC + 12bVE* + 12bVkA + 8bVBC — 8bVB + 1 — V + bV A*

2
2 6bV 27,3 3 2 2 2 3
= 24DVCR) = == (2C%’ = 2Bk + 20 + 341 + Ak = 3ACK’ — 4Ck’ —

+ 2BCK) x {k+ﬁ (4 + v=A(tan (V=4¢) & sec (V=A¢) )) }l

6ZV(c~k4 2BI* 4 B* + k* 4+ 2418 + A%l — 24CK° — 2Ck* — 24Bk

4 2BCKY) x {k " 2(%—1) (A + VA (tan (VEAE) £ sec (Vo) )) }2

(47)
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When 4 = B = 0 and(C — 1) # 0, the solution of Eq. (8) is

ud (&) = 21 (126VC k> — 12bVEAC + 12bVE* 4 12bVkA + 8bVBC — 8bVB + 1

Y
— V+bVA> = 24bVCE*) — 61’7[/ (2C*3 — 2Bk + 2k* + 34K + A’k

1 1%
—3ACK — 4CkK® — AB+2BCk S (ke
C C + C)x{ (C71)§+C3} +— (C

— 2Bk + B> + k* + 24K° + A%k — 24CK° — 2Ck* — 24 Bk

) 1 =
+ 2BCk™) x {kii(C—l)é-kq} ,

(48)

where ¢3 is an arbitrary constant.

We can write down the other families of exact solutions of
Eq. (8) which are omitted for practicality.

Finally, substituting the solutions G(¢) of the Eq. (6) in Eq.
(16) and simplifying, we obtain the following solutions:

When A = 4> —4BC + 4B > 0 and A(C—1)#0 (or B
(C—=1)#0),

6bV(C —1)°

1
u;(g’):Z(ZbVAz—l—SbVB—SbVBC-H+V)+ -

(et (v (802)) )+ gt snc

— 2B C+ 168’ +84°B+ A*) x (ﬁ (\/Ktanh (x/Zi/Z))) 727

where ¢ = x — Vt; A, B and C are arbitrary constants.

6bV(C —1)°
L sbrc—1)’

1
15(8) :%(ZbVA2+8bVB—8bVBC+1+ V) -

x (L (\/Zcoth <\/Z5/2)>)2 +

16B°C* — §BC A*
3¢ (16B>C* — 8BC

3
8a(C — 1)

—32B°C+ 16B° + 84°B + A*) x ( (Vacotn (ﬂw)))z’

1
2(C—1)

1 6bV(C — 1)
() = — (2bVA* + 8bVB —8bVBC + 1+ V) +¥
3 2a a

) (ﬁ {VA(tanh (VA¢) £ isech(VAe) })2 + ﬁ (16B°C> — 8BCA>

- RBC4 168 + 848+ 4% x (5 {VB(tann (VAE) 2 iseen(VAZ) })

2(C—1)

(51)
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For simplicity others families of exact solutions are
omitted.

When A = 4> —4BC + 4B < 0 and A(C—1)#0 (or B
(C=1)#0),

1
ul?(é) = Z(ZWA2 +8bVB —8bVBC + 1+ V) +

X (ﬁ (\/ztan (\/15/2»)— +78a(C3 1

6bV(C — 1)

(Figs. 1-8). The graphs readily have shown the solitary wave
form of the solutions.

S (16B*C* — 8BCA? (52)

—32B>C + 168> + 84’ B + A*) x (* (‘/‘_Ata“ (\/—_Ag/z))) _27

2(C—1)

1

5 (2bVA* +8bVB — 8hVBC + 1+ V)

15 (8)

6bV(C —1)*
(e 1)

x (ﬁ (\/—_Acot (x/—_Aé/z)))erm(mBlcz_gBCAz (53)

— 32B? 16B> + 84°B + A* —
32B°C+ 168" +8 +4%) x 3C-T)

1
ul*(¢) :Z(szA2+8bVB—8bVBC+1+ V) + -

(s (v an (v730) e (V729

1
—32B*C+ 16B*> +84°B+ A* .
+ + + A4%) x 1)

When (C — 1) #0 and A = B = 0, the solution of Eq. (8) is

1

5 (2bVA* +8bVB —8HVBC + 1+ V) +

157(9)

A 1 : 3
X (Z(C— 1) (C-— 1)£+C4) +ga(cf 1)2(
A 1

6bV(C — 1)

_._7
8a(C — 1)

6bV(C — 1)

! (ﬂcot (\/16/2)))27

3
S (16B°C* — 8BCA® (54)

(V=R (an (V=42 % see (V2R 1)

16B°C* — 8BCA® (55)

— 32B? 16B> + 84°B + A* -
32B°C+ 168" +8 +4%) x 3C—T)

where ¢4 is an arbitrary constant.
The other families of exact solutions of Eq. (8) are omitted
for convenience.

Graphical presentation

Graph is a powerful tool for communication and describes log-
ically the solutions of the problems. Therefore, some graphs of
the solutions for different values of parameters are given

(C- 1)5+C4) 7

Remark 1. We have checked the obtained solutions by putting
them back in the original equation and found correct.

Results and discussion

From the above solutions we observe that, if we put 4 = —/,
B=—uC=0,k=0,a=ab=>band V = —Vin our solu-
tions v}, 43, u}* and u}®, then (Zhang et al., 2010) solutions (14)
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Fig. 1  Soliton solution for Eq. (17).

Fig. 2 Soliton solution for Eq. (18).

and (15) are identical to our solutions when C; = 0 and
C, = 0, respectively. Similarly, if we put 4 = 4, B = —y,
C=0,k=0,a=a, b=>band V= —V in our solutions
ul,u?,u}? and u)®, then (Zhang et al., 2010) solutions (17)
and (19) are identical to our solutions when C; = 0 and
C, = 0, respectively. On the other hand (Zhang et al., 2010)
solution (20) is identical to our solution #3* for different values
of parameters. Zhang et al. (2010) did not find any more solu-

Fig. 3 Soliton solution for Eq. (25).

10710

Fig. 4  Singular periodic solution for Eq. (28).

tion, but by using the new (G'/G)-expansion method, we have
obtained some new and exact solutions. It can be shown that
solutions obtained by the improved (G’/G)-expansion method
Zhang et al. (2010) are only special cases of the new (G'/G)-
expansion method.

Comparison

Comparison of old and new (G'/G)-expansion approaches.
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New approach

Old approach

1. The new about “new (G'/G)-expansion approach” is that, in
this technique the highly nonlinear equation (6) is used as an
auxiliary equation. This equation has a variety of solutions

2. The Cole-Hopf transformation @(f):ln(G(é))gz%

reduces the Eq. (6) to the Riccati Eq. 7. The Riccati Eq. 7 has
a variety of exact solutions with more free parameters. (see Zhu,
2008 for details). The solution is written in a more general form
u(@) =" ok + ®())" which gives the number of solution
sets for the nonlinear equations. Also, if we set k = 0,

= —), B= —pu, C = 0 and negative the exponents of (G'/G)
are zero in Eq. (4), then the proposed new method turns out into
the basic (G'/G)-expansion method introduced by (Wang et al.,
2008). So our solution is more general than the basic (G'/G)-
expansion

3. The solutions given by the new (G’/G)-expansion approach are
more general with three free parameters. When these free
parameters are given particular values, the previous results
obtained by the other authors are rediscovered.The additional
unknown constant & in the solution will help us to obtain solution
of the algebraic equations resulted in step 4 of “The method”
section

1. In traditional (G’/G)-expansion technique the second order linear
ordinary differential equation G'(¢) + A G'(&) + uG(&) = 0 is used as
an auxiliary equation
2. Whereas, in traditional (G’/G)-expansion introduced by (Wang et al.,
2008), the auxiliary equation G"(f) + AG'(&) + u G(¢&) = 0 has the
following three types of the solutions

3]

@@ _ /P ((ersinh (b/7-aut) +ercosh (W74 \ _, P du>0
G(o) 2 ¢y cosh (%\/ /12—4;1) +¢; sinh (%\/lz—4uf) 27 " ’

N/ =244y [ —ersin (%\/—iz+4yé) +¢5 cos (%\/—lz+4y§) Y,
=i —5, A" —4p>0,
¢1 cos (%\/ 7z+4,4¢) +esin (%\/ iy +4,¢:)
2 2 _
= 7 =0

. . . . o m G'(& i
whereas the solution is written in the form u(&) = Yo (Té;)
which is a special case of our solution (4). All the above men-
tioned solutions are rediscovered when ¢; = 0, ¢, #0 and
c1#720,c0=0
3. The solutions obtained by basic (G'/G)-expansion method contain
only two free parameters

\
-10

10 10

Fig. 5 Singular periodic solution for Eq. (29).

Fig. 6 Soliton solution for Eq. (39).
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Fig. 7 Periodic solution for Eq. (46).

10 10

Fig. 8 Singular periodic solution for Eq. (52).

Conclusion

New (G'/G)-expansion method is applied to the Zakharov-
Kuznetsov—Benjamin-Bona-Mahony equation and abundant
exact traveling wave solutions are constructed for this equa-
tion. The obtained solutions are more general, and many
known solutions are only a special case of them. Further, this

study shows that the method is quite efficient and practically
well suited to be used in finding exact solutions of nonlinear
evolution equations. It is noteworthy to observe that the basic
(G'/G)-expansion method, improved (G’/G)-expansion, gener-
alized and improved (G’/G)-expansion method are only special
cases of the new (G'/G)-expansion method. Thus the new (G'/
G)-expansion method would be a powerful mathematical tool
for solving nonlinear evolution equations.
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