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equations in physics.

Here, an extended discrete tanh function method with a computerized symbolic compu-
tation is used constructing a new exact travelling wave solutions of nonlinear differential difference
equations of special interest in physics, namely, Hybrid equation, Toda lattice equation and
Relativistic Toda lattice difference equations.

As a result, we obtain many kinds of exact solutions which include soliton solutions, periodic
solutions and rational solutions in a uniform way if solutions of these kinds exist. The method is
straightforward and concise, and it can also be applied to other nonlinear difference differential

© 2014 Production and hosting by Elsevier B.V. on behalf of University of Bahrain.

1. Introduction

A large class of nonlinear evolution equations have been
derived and widely applied in various branches of natural
science. The investigation of the travelling wave solutions for
nonlinear evolution equations arising in physics plays an
important role in the study of nonlinear physical phenomena.
A variety of powerful methods for obtaining the exact solu-
tions of nonlinear evolution equations have been presented
(Abdou and Soliman, 2005; Abdou, 2008, 2007, 2008a,b;
Abdou and Zhang, 2009; Abulwafa et al., 2007, 2008; He
and Abdou, 2007; He, 2000).
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The nonlinear differential-difference equations (DDEs)
have been the focus of many nonlinear studies. DDEs describe
many important phenomena and dynamical processes in many
different fields, such as particle vibrations in lattices, currents
in electrical networks, pulses in biological chains (Ablowitz
and Clarson, 1991; Kevrekidis et al., 2001; Tsuchida et al.,
1999; Hirota, 2004; Qian et al., 2004; Ma and Geng, 2001)
and so on.

DDE:s play an important role in the study of modern phys-
ics and also play a crucial role in numerical simulations of non-
linear partial differential equations (NLPDEs), queueing
problems, and discretization in solid state and quantum
physics.

There have been developed many methods to solve DDEzs,
such as inverse scattering method (Tsuchida et al., 1999) and
Hirota bilinear method (Hirota, 2004), Variables separate
method (Qian et al., 2004), Buacklund transformation (Ma
and Geng, 2001) and Darboux transformation can also be
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applied to solve DDEs and other methods (Xie and Wang,
2009; Dai and Zhang, 2006; Ahmet, 2009; Wang and Zhang,
2007; Baldwin et al., 2004; Wang, 2009).

The rest of the paper is organized as follows: In Section 2,
extended discrete tanh-function method is presented. In Sec-
tion 3, we choose three nonlinear difference differential equa-
tions, namely, Hybrid equation, Toda lattice equation and
Relativistic Toda lattice difference equations to illustrate the
validity and advantage of this method. Finally conclusion
and discussion are given in Section 4.

2. Methodology

In what follows is the summarized discrete tanh method
(Wang, 2009). For a given nonlinear difference equations as

B W, +eAd
!//”+|_1+5Alﬁ"7 (1)
[//n —€d
l//nfl =T <, 2
1= 54y’
oy, i
8‘? =ec— 0y, (2)

where &, = kn+ At. Fora givene = 1,0 = 1, 4 = tanh(k), the
equation  system has  solutions . = tanh(&,) and
W, =coth(£,). In case of the parameters taken as
e=1,0 =—1,4 = tan(k), the equation system has solutions
. = tan(&,) and , = —cot(&,). For the parameters taken as
e=0,0=1,4 = k, the equation system has solutions y, = gi
For a given nonlinear difference differential equations as

d)(unﬂ?l (x)v u”+l7z (‘x)a un+l73 (x)v teey u"+ﬂk ()C), ul/1+[1| (X),

u:z+/:2 (X), 3] u:1+pA (X)v .

Uy, (X)s 10 (X), 1t ) =0, ©)

where the dependent variable u, have N components u;,, and so
do its shifts; the continuous variable x has 4 components x, the
discrete variable n has s components n;; the k shift vectors p,,
and u'(x) denotes the collection of mixed derivative terms of
order r. By introducing wave transformation

s h
M,,(X) = U(&:M) = Um én = Zki”i + ZA/-X/ + ¢,
=1 =1

s h
Unip (X) = U(énﬂ;) = Un+p7 énﬂz = Eki(ni +p) + Zj'/xj +c, (4)
J=1 J=1

where, k; and /; are all arbitrary constants to be determined
later, ¢ is constant.

In the context of discrete tanh function method, many
authors (Baldwin et al., 2004; Wang, 2009) used the ansatz

U(E) = Y v, 5)

where a; are constants to be determined. In order to construct
more general, it is reasonable to introduce the following ansatz

UE) = > aity &) + _Zb,-w;f'(cf,,) (6)

It is observed that the solution of the ansatz (8) goes back to
that obtained from (7) once b; = 0, where b, are constants to

be determined later, 1, satisfy the system of Egs. (1) and (2),
M can be determined.

Case(1): We set the degree of U,;, — U,_,, p#0 is zero. For
the other terms in DDE, U, is of degree M; is , and
U,+p, p70 is of degree zero. Then we can balance the highest
nonlinear terms and the highest linear terms to determine M in
Eq. (7). If M is odd, then give the value of M to m,

Case(2): Replacing zero by —1 as the degree of U,y, — U,_,,
p#0, we balance the term again. If M is even, then give the
value of M to mj,, otherwise omit it.

The polynomial form expression of difference terms
Upip = Z,}.Zoa,-lpf,ﬂ, + Z}Zlb,w;ip in the similar way as Eq.
(6). Inserting the expression of U,,...... , Uiy in to Eq. (5)
yields an ordinary DDE in terms of ,,...., ¥, ,. With the
aid of Egs. (1)—(3), we reduce the equation obtained.

Collecting coefficients of all terms, 1//f;,i: 1,2,..... and
setting to zero yield a system of algebraic equation.

Solving the system of algebraic equations by computer
algebra systems such as Maple.

Substituting the result relation obtained above and combin-
ing the solutions of Egs. (1)—(3), we could get the solutions of
given DDE Eq. (4)

3. New applications

To illustrate the effectiveness and the advantages of the pro-
posed method, three models of nonlinear differential difference
equations in physics are chosen, namely, Hybrid equation,
Toda lattice equation and Relativistic Toda lattice difference
equations. As a result, many exact travelling wave solutions
are obtained including solitary wave solutions expressed by
hyperbolic functions, periodic solutions expressed by trigono-
metric functions and rational solutions.

3.1. Example(1). Hybrid nonlinear difference differential
equation

Let us first consider the Hybrid nonlinear differential differ-
ence equation (Baldwin et al., 2004),

ou,,
ot
where o and f are constants. The Hybrid nonlinear difference

Eq. (9) describes the discretization of the KdV and modified
KdV equations. Making use the travelling wave solution as

u(n7 t) = U(én)u

where k, ¢ and / are constants. Then the discrete Hybrid non-
linear difference equation reduces to
ou,

A aé, = (1 + aUn(én) + /))Ui(én))(UnJrl(én) - Un—l(fn)) (9)

= (1 + o, + ﬁui) (un+1 - unfl)v (7)

& =kn+it+ec, (8)

Consider the balancing between the highest nonlinear term
BUA(Uny1 — U,yy) with the highest derivative term Ag%
according to case(2) mentioned above, we have M =2. We
assume the solution of Eq. (11) can be expressed as
Us(E) = a0+ any(&) + aafi2(,) + b+ D2
n\Gn) — €0 1¥n\Gn 2V u\Cn) T N T,
l//y[(gn) l/lz(fﬂ)
where ay, a,, a», b, and b, are to be determined later, , sat-
isfy the system of nonlinear Eqgs. (1)—(3). With the aid of the
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expressions of U,, U,.;, U, ; in Eq. (9), we have a nonlinear
DDE which respect to y,,, ¥,;, ¥,_;, we reduce the difference
terms in Eq. (11) by using Egs. (1) and (2) and reduce the dif-
ferential terms by Eq. (3). We get an expression in rational
polynomial form of ,. Collecting the coefficients of
lp;, i=0,1,2,...... and setting to zero yield an algebraic equa-
tion system for aq, a;, a, by, b, and 1. Solving this system of
equations by Maple, we have three kinds of coefficients as

- o A —4p)

a =0, aof—ﬁ>i*—T7

A2 —4p0 B _Jor—4p
al—iT,bz—Q bl—‘wT (11)

Family(1). For 0 =1, e=1, 4 = tanh(k), y, = tanh(¢,) or
coth(&,), with Eq. (1), admits to solitary wave solutions of
Eq. (9) as follows

o tanh(k)\/o? — 40 B ol —4p
(&) = =gt ) g S ranh(E)
(12)

o tanh(k)\/o? —4p0 ; o —4p
(&)= =gt g M) g (T
(13)

Family(2). For 0= -1, e=1, 4 = tan(k), , = tan(&,) or
—cot(¢,), with Eq. (13), admits to triangular function solutions
of Eq. (9) as

o tan(k)\/a? — 4P5 . o —4p
W) =5t qg &) T g (e
(14)
o tan(k)\/o? —4Bo o —4p
W) =—5p=— qp &) " g Do (e
(15)

Family(3). For 6 =1, e=0, A=k, ¢, = i’,
admits to rational solution of Eq. (9) as
ky/o? — 4 2 — 43¢
un(én) — _li \/O( § ﬁ‘i’ \/O( ﬁg)17
2p 4pE, 4pk
Ao — 4B)
————t+c 17
8f +c (17)
It is to be noted that the solutions obtained from Eqs. (14)-

(18) are exactly the same with that obtained in Wang (2009)
by setting b; = b, = 0.

with Eq. (13),

(16)

6)1 = kn

3.2. Example(2). Relativistic Toda coupled nonlinear difference
equation

A second instructive model is the Relativistic Toda coupled
nonlinear difference equation (Baldwin et al., 2004),

Ouy,
WZ (1+0€un)(vn_vnfl)7 (18)
aav; = Vn(un+1 — Uy + Oy — O(V,,,l), (19)

where o is constant. The Toda lattice difference Eqs. (20) and
(21) describe vibrations in mass-spring lattices with an expo-
nential interaction force. Using the travelling wave solution
we obtain

u(n, 1) = U(&,), Vin, 1) = V(En), &y = kn + A1 + ¢, (20)

where k, ¢ and 1 are constants. Then the discrete Relativistic
Toda difference equation becomes

ou,
¢,
v,
AQ: Vn(én)(UHJrl (én) - Un(én) +O”/n+1 (én) - aanl(én)) (22)
Consider the balancing between the highest nonlinear term
with the highest derivative term. In Eqs. (23) and (24)
according to case(2) mentioned above, we have M =1.
Therefore, we assume the solution of Egs. (23) and (24)
can be expressed as

2 :(1+aUn(én))(Vn(én)fUn—](in))a (21)

. b
Un(gn) =ap + allpn(én) + lﬁn(én) ) (23)
Vn(én) =+ cllpn(én) + ﬁ7 (24)

where ay, a1, by, ¢, c1,and d,, are to be determined later, ¥,
satisfy the system of nonlinear Egs. (1)—(3). Substituting the
expressions of U,, U,,;, U, | in Egs. (23) and (24), we have
a nonlinear DDE which respect to ¥, ¥, ,,_,. Collecting
the coefficients of %» i=0,1,2,...... and setting to zero yield
an algebraic equation system for ay, a;, by, ¢y, ¢, d; and A.
Solving this system of equations, we have two different cases
for coefficients as follows

Case(1)
bl :/IE,CX: —@,al :5/1761 :Ch/l:)v,dl :ﬂ,

Cy 0

e (1 4 e4%5) P A + 126 — Acy
— =_ 2
0 a5 " 00 ’ (25)
Case(2)
A X )
bl :070627701 =b)v,cl = 7A605,/1:A,d1 :O7
AC()

24 A
COZCO7QQI—TO7 (26)
Case(3)
b] = iga, = O,C] = 0, A= /‘L,dl = —ACU,CU = (o,

A PP+ A

OC_TCO7a0_7 A) ) (27)

According to case(l), with 6=1, e=1, A = tanh(k), ¥,
= tanh(&,) or coth(&,), admits to solitary wave solutions of
Egs. (20) and (21) as

_ P1ank’ (k)+i’—tanh(k)e, | Y
un(én)_ tanh(k)l ‘/Ltanh(ﬁn)*»lanh(é”)’ (28)
B crsech? (k) ¢
Vn(én)f—Th(k)‘f‘Clllln/’l(fn)—"tanh(én), (29)
 P1ank’(k)+i’—tanh(k)c, | J
un(én)_ tanh(k)l ‘/LCOth(i")+m’ (30)
Sy .
(&)= o )+ G1)

tanh(k) coth(&,)

In view of case(l), with 6 =—1, e=1, 4 = tan(k), ¥, =
tan(&,) or —cot(¢,), admits to triangular function solutions
of Egs. (20) and (21) as
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() = Jtan®(k) — 2 - tan(k)c, Jtan(E,) + /1, 32 3.3. Example(3). Toda lattice nonlinear differential difference
tan(k)A tan(&,) equation
(1 — a2 ,
v(&,) = M +citan(é,) — ° , (33) In this case, we consider the Toda lattice nonlinear differential
tan(k) tan(,) difference equation (Baldwin et al., 2004),
12 2 12 )
Atan* (k) — 2~ — tan(k)c, A ou
n\Sn) = Y 7 1(cn PN 34 n:nn_n77
u (é ) tan(k)A + Aco (é )+COZ(Q,1) ( ) ot U, (V V) 1) (50)
Oy
(1 — ta? : = v, (thyy1 — tiy 51
e =) o) + i N el
! To look for the travelling wave solutions of Egs. (52) and (53),
Using case(l), when 6 =1, e=0, A=k, §, = fl”, we have a we use the transformation
rational solution as ) u(n,t) = U(E,), V(n, t) = V(E,), &, = kn+ At + ¢, (52)
where k, ¢ and / are constants. Then the discrete Toda differ-
A —key A ati
Mn(fn) _ o 1 + g’ (36) ence equation reduces to
A U,
Vn(én) — _%_'_%7 (37) A 85" - Un(én)(l/n(én) - Un—l(én))7 (53)
; ! , OV,

According to case(2), with 0 =1, e=1, 4 =tanh(k), ¥,
= tanh(&,) or coth(&,), admits to solitary wave solutions of
Egs. (20) and (21) taken as

2+ tank’ (k)e

u,(&,) = wanh(k)) + Atanh(&,), (39)
V(&) = o[l — tanh(k)tanh(é,)], (40)
(&) = _%&;)’f)% Jeoth(&,), 1)
(&) = co[l — tanh(k)coth(&,)], (42)

In view of case(2), when o0=—1, e=1, 4 =rtan(k), ¥,
= tan(¢,) or —cot(¢,), admits to triangular function solutions
of Egs. (20) and (21) as

72+ tan* (k)c

(&) = ==y Han(&), (43)
Vn(én) = CO[I - ta”(k)lan(én)]v (44)
un(én) = %}2)&]’()(‘0 - ;LCOI(in)v (45)
vu(&,) = co[l + tan(k)cot(&,)] (46)

Form case(2), when 6 =1, e=0, A=k, y, = El, we have a
rational solution as )

24+ A
u,(&,) = _T_"é_”v (47)
(&) = co —%, (48)
Ey=kn+dt+c (49)

It is to be noted that the solutions obtained from Egs. (30)-
(50) are quite good with that obtained in Baldwin et al.
(2004). For simplicity case(3) is omitted here.

Consider the balancing between the highest nonlinear term and
the highest derivative term in Egs. (53) and (54) according to
case(2) mentioned above, we have M = 1. Therefore, we
assume the solution of Egs. (55) and (56) can be expressed as

by

U,,(f,,) :a0+a1¢n(én)+lpn(§n)v (55)
d
V(&) = co + e, (&) L (56)

where ay, ai, b1, ¢y, ¢1, d, are to be determined later, \,, sat-
isfy the system of nonlinear Eqs. (1) and (2). Substituting the
expressions of U,, U,.1, U, ; in Egs. (55) and (56), we have
a nonlinear DDE which respect to ¥, ¥,,;, ¥,_;. Collecting
the coefficients of lp;, i=0,1,2,...... and setting to zero yield
an algebraic equation system for aq, a;, by, co, ¢1, d; and A.
Solving this system of equations, we obtain

Case(1)
cre ¢ ec
by = —%701 =-—c=cL, A= —31>d1 :717
_a(l+ eA’5) _a(l+ 5A%€)

Co = Ve ydo = 5A (57)
Case(2)

by = —Aecy,ay = 0,¢y = 0,4 = —Acy,d; = Acye,

Co = Co,do = Co (58)
According to case(l), with d=1, e=1, 4 = tanh(k),

W, = tanh(&,) or coth(¢,), admits to solitary wave solutions
of Egs. (52) and (53) as

(&) = %,f(k()k) —atanh() = s (59)
V() = %’fgh crtanh(&,) + tan;‘( = (60)
(&) = %US‘) —coth(e,) = e (61)
va(&) = %+ crcoth(é,) *m/iﬁ (62)
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In view of case(l), when 6=-1, e=1, 4= tan(k),
Y, = tan(&,) or —cot(&,), admits to triangular function solu-
tions of Egs. (52) and (53) as

e = L) ) - (63)
i) =) an(e) - s )
e =~ 1D oy + 0 (65)
i) = WD o) -t (66)

Using case(1), when d =1, e =0, 4 =k, y, =, we have a
rational solution as ~

[SENG

(&) =% & (67)
_a,a

(&) =2+ Z (68)

cfn:kn—%ltJrc (69)

According to case(2), with d=1, e=1, 4 = tanh(k),
. = tanh(&,) or coth(&,), admits to solitary wave solutions as

(&) = — ). (70)
i) = o+ ), )
(&) = — U, (1)
i) = ot L) 73)
By means of case(2), when 6= -1, e=1, 4 = rtan(k),

Y, = tan(&,) or —cot(&,), admits to triangular function solu-
tions as

B cotan(k)
un(in) =~ m7 (74)
) Cotan(k)
Vn(gn) = Co + l‘an(én) 7 (75)
gy o Cotan(k)
un(Sn) = ¢o + cot(&,) b
) cotan(k)
Vn(gn) = COt(éH) 7 (77)
& = kn — Acot + ¢ "

The solutions obtained Egs. (59)—(78) are quite good with that
obtained in Baldwin et al. (2004).

4. Conclusions and discussion

In summary, the discrete tanh method (Wang, 2009) is used for
constructing exact solutions to nonlinear difference-differential
equations (DDEs) arising in mathematical phys-
ics,namely,Hybrid equation, Toda lattice equation and Rela-
tivistic Toda lattice difference equations.

As a result, we obtain many kinds of exact solutions includ-
ing soliton solutions,periodic solutions and rational solutions
in a uniform way if solutions of these kinds exist.

Here, we presented a generalized discrete tanh method based
on the general ansatz (8) in which the exponent of function may
take both positive and negative values on the contrary to the
solution ansatz (7) where its exponent is only positive values.

Finally, it is worth noting that the new solutions obtained
by the proposed method confirm the correctness of those
obtained by other methods. The method is straightforward
and concise, and it can also be applied to other nonlinear dif-
ference differential equations in mathematical physics. This is
our task in future work.
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