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Abstract The generalized (G'/G)-expansion method is thriving in finding exact traveling wave solu-
tions of nonlinear evolution equations (NLEEs) in mathematical physics. In this paper, we bring to
bear the generalized (G’/G)-expansion method to look for the exact solutions via the simplified
MCH equation and the (1 + 1)-dimensional combined KdV-mKdV equations involving parame-
ters. When the parameters take special values, solitary wave solutions are originated from the trav-
eling wave solutions. It is established that the generalized (G'/G)-expansion method offers a further
influential mathematical tool for constructing the exact solutions of NLEEs in mathematical phys-

© 2013 Production and hosting by Elsevier B.V. on behalf of University of Bahrain.

1. Introduction

The importance of nonlinear evolution equations (NLEEs) is
now well established, since these equations arise in various
areas of science and engineering, especially in fluid mechanics,
biology, plasma physics, solid-state physics, optical fibers, bio-
physics and so on. As a key problem, finding their analytical
solutions is of great importance and is actually executed
through various efficient and powerful methods such as the
Miura transformation (Bock and Kruskal, 1979), the Jacobi
elliptic function expansion method (Chen and Wang, 2005;

* Corresponding author. Tel.: +880 1716438757.
E-mail address: nuralam.pstu23@gmail.com (Md. Nur Alam).
Peer review under responsibility of University of Bahrain.

Honga and Lub, 2012), the Adomian decomposition method
(Adomain, 1994; Wazwaz, 2002), the method of bifurcation
of planar dynamical systems (Li and Liu, 2000; Liu and Qian,
2001), the ansatz method (Hu, 2001), the Cole—Hopf transfor-
mation (Salas and Gomez, 2010), the (G'/G)-expansion method
(Zayed and Gepreel, 2009a,b; Zayed, 2009; Wang et al., 2008;
Taha and Noorani, 2013a,b; Akbar et al., 2012a,b,c; Song and
Ge, 2010), the (G'/G, 1/G)-expansion method (Zayed et al.,
2012; Zayed and Ibrahim, 2013; Zayed and Abdelaziz, 2012;
Yang, 2013), the improved (G’/G)-expansion method (Zhang
et al., 2010), the modified simple equation method (Jawad
et al., 2010; Khan et al., 2013; Khan and Akbar, 2013), the
novel (G'/G)-expansion method (Alam et al., 2014; Alam and
Akbar, 2014), the new generalized (G'/G)-expansion method
(Naher and Abdullah, 2013) and so on.

1815-3852 © 2013 Production and hosting by Elsevier B.V. on behalf of University of Bahrain.
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The objective of this article is to search for new study relat-
ing to the generalized (G'/G)-expansion method for solving the
simplified MCH equation and the (1 + 1)-dimensional com-
bined KdV-mKdV equations to demonstrate the suitability
and straightforwardness of the method.

The article is organized as follows: in Section 2, we describe
this method for finding exact traveling wave solutions of non-
linear evolution equations. In Section 3, we will apply this
method to obtain the traveling wave solutions of the simplified
MCH equation and the (1 + 1)-dimensional combined KdV—
mKdV equations. In Section 4, physical explanations are of-
fered. In Section 5 comparison and in Section 6 conclusions
are conferred.

2. Material and method

In this section we describe the generalized (G'/G) expansion
method for finding traveling wave solutions of nonlinear evo-
lution equations. Let us consider a general nonlinear PDE in
the form

P(u7 utvu,w“mur,\‘»uxxf") :O7 (1)

where u = u(x, t) is an unknown function, P is a polynomial in
u(x, t) and its derivatives in which highest order derivatives
and nonlinear terms are involved and the subscripts stand
for the partial derivatives.

Step 1: We combine the real variables x and ¢ by a complex
variable ©

u(x,t) =u(®), ®=x+y+zLtVt, (2)

where V' is the speed of the traveling wave. The traveling wave
transformation (2) converts Eq. (1) into an ordinary differen-
tial equation (ODE) for u = u(®):

Q(ua u’? UH, u//l’ o ) = 07 (3)

where Q is a polynomial of u and its derivatives and the super-
scripts indicate the ordinary derivatives with respect to @.
Step 2: According to possibility Eq. (3) can be integrated
term by term one or more times, yields constant(s) of integra-
tion. The integral constant may be zero, for simplicity.
Step 3: Suppose the traveling wave solution of Eq. (3) can
be expressed as follows:
N N _
w(®) = a(d+ H) + bi(d+ H)™", (4)
=0 i=1
where either ay or by may be zero, but both ay or by could be
zero at a time, ¢; (i = 0, 1,2, -, Nyand b, (i = 1,2, ---, N)
and d are arbitrary constants to be determined later and
H(®) is

H(®) = (G'/G) ()
where G = G(®) satisfies the following auxiliary ordinary dif-
ferential equation:

AGG" — BGG —EG* - C(G')’ =0 (6)

Eq. (6) has individual five solutions (see Lanlan and Huaitang,
2013)where the prime stands for derivative with respect to ®;
A, B,C and E are real parameters.

Step 4: To determine the positive integer N, taking the
homogeneous balance between the highest order nonlinear

terms and the derivatives of the highest order appearing in
Eq. (3).

Step 5: Substitute Eq. (4) and Eq. (6) including Eq. (5)
into Eq. (3) with the value of N obtained in Step 4, we ob-
tain polynomials in (d + H)® (N=0,12, ---) and
(d+ H)™ (N =0,12, ---). Then, we collect each coefficient
of the resulted polynomials to zero, yields a set of algebraic
equations for ¢; (i = 0,1,2, ---, N)and b; (i = 1,2, ---, N), d
and V.

Step 6: Suppose that the value of the constants «; (i = 0,1,2,
<oy N),b;(i = 1,2,---, N), dand V can be found by solving the
algebraic equations obtained in Step 5. Since the general solu-
tion of Eq. (6) is well known to us, inserting the values of a;
(i=0,12,--,N), b (i=12,---, N), dand V into Eq. (4),
we obtain more general type and new exact traveling wave
solutions of the nonlinear partial differential equation (1).

Using the general solution of Eq. (6), we have the following
solutions of Eq. (5):

Family 1: When
Q= B>+ 4EA4 - C) > 0,

o) (ﬁ) _ 5 vaCisioh (@) + Coc0sh (50)

G 2y 2y C, cosh <2—@CD> + C, sinh <\2/—§CD>

Family 2: When B#0,
Q=B +4EA4—-C) <0,

o (g) e sin (4580 + Cycos (L20)

G 2y 2y C,cos < ;Q<D> + Cssin (%(D)

2.

B#0, Yy=A-C and

&

(™)

y=4-C and

N

(8)

N

Family 3: When B#0, y=A4-C and

Q=PB>+4EA4—-C) =0,

G B C,

HO) == )=—+—"— 9
(@) <G> 2l//+C1+C2(I) ©)
Family 4: When B=0, = A— Cand A = yE > 0,

G) ¥ Cieosh () + Cosinh (o)
Family 5: When B =0,y = A—Cand A = yE <0,
H((D) B (G/) B \/j& - Sin(%@)—FCzCOS (%(D) (11)
G W C|cos (@@) + C,sin (%(D)

3. Applications

In this section, we will apply the generalized (G'/G) expansion
method to find the exact solutions and the solitary wave solu-
tions of the following two nonlinear evolution equations.

3.1. The simplified MCH equation

Now we will bring to bear the generalized (G'/G) expansion
method to find exact solutions and then the solitary wave solu-
tions of the simplified MCH equation in the form,

u + 2k, — iy + prPu, =0. where ke R, f>0. (12)
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Details of CH and MCH equations can be found in refer-
ences (Liu et al., 2010: Wazwaz, 2005; Camassa and Holm,
1993; Tian and Song, 2004; Boyd, 1997).

Now, we use the traveling wave transformation Eq. (2) into
Eq. (12), which yields

—Vu + 2k + V" + putu = 0. (13)

where the superscripts stand for the derivatives with respect to
.
Integrating Eq. (13) once with respect to @ yields:

(2k — Vyu + Vu”+§u3+1>:o. (14)
where P is an integral constant that could be determined later.

Taking the homogeneous balance between »° and «” in Eq.
(14), we obtain N = 1. Therefore, the solution of Eq. (14) is of
the form

u(®) = ay+a(d+ H) + b (d+ H)", (15)
where ag, a;, by and d are constants to be determined.

Substituting Eq. (15) together with Egs. (5) and (6) into Eq.
(14), the left-hand side is converted into polynomials in
d+H W=012, --)and (d+ )™V (N=0,12, ---).
We collect each coefficient of these resulted polynomials to
zero, yields a set of simultaneous algebraic equations (for sim-
plicity which are not presented here) for ag, ai, by, d and V.
Solving these algebraic equations with the help of symbolic
computation software, we obtain following:
dy = np,d; — 2(//ml,b1 = O,d: d,

4kA?

(B +4Ey +24%) (16)

_ _ —6k _ Ok (2diy+B)
where y=A4—C, m = i\/ A58 44pED) T2 T B (BraEp 2D

A, B, C and E are free parameters.

Substituting Eq. (16) into Eq. (15), along with Eq. (7) and
simplifying yields following traveling wave solutions (if
Cy = 0but C;#0 and C, = 0 but C; #0), respectively:

uy () = my +m1{21//d+B+ VQcoth (fcb) }

1z (D) = my + my {2¢d+ B+ VQtanh (2_\//?(1)) }

where @ = x — {—%}t.

(B +4Ey+24%)
Substituting Eq. (16) into Eq. (15), along with Eq. (8) and
simplifying, the obtained exact solutions become (if C; = 0
but C, #0; C, = 0 but C; #0), respectively:

1/{3((1)) = my + m {2lﬁd+ B+ i\/ﬁCOt (g@) },

uy(®) = my + my {21//114— B — ivQtan <\/2—_A—§(I>> }7

Substituting Eq. (16) into Eq. (15) together with Eq. (9) and
simplifying, we obtain

C
u5(CI)) = niy +H’l]{2|’bd+B+zw<m> },
1 2

Substituting Eq. (16) into Eq. (15), along with Eq. (10) and
simplifying, we obtain following traveling wave solutions (if
Cy = 0but C,#0; C, = 0 but C; #0), respectively:

u6(<1)) =my + 27}’11 {lﬂd-i‘ \/KCOth (@@) }7

u7 (@) = my + 2my {tl/d—i- VA tanh <§®> }7

Substituting Eq. (16) into Eq. (15), together with Eq. (11)
and simplifying, our obtained exact solutions become (if
Cy = 0 but C,#0; C, = 0 but C; #0), respectively:

ug(®) = my +2m1{1//d+ iVA cot <§®) }7
o (@) = my + 2my {wd VA tan (?@) }

3.2. The (1 + 1)-dimensional combined KdV-mKdV equation

In this section, we will apply the generalized (G’/G) expansion
method to find exact solutions and then the solitary wave solu-
tions of the (I + 1)-dimensional combined KdV-mKdV equa-
tion (Zayed, 2011) in the form,

Uy + oty 4 Pruy + e = 0. (17)

where o and f§ are nonzero constants. This equation may de-
scribe the wave propagation of the bound particle, sound wave
and thermal pulse. This equation is the most popular soliton
equation and often exists in practical problems such as fluid
physics and quantum field theory.

The wave transformation equation u(®) = u(x,t),
® = x — Vt. Reduces Eq. (17) into the following ODE:

—Vu' + o + putd + " = 0. (18)

where the superscripts stand for the derivatives with respect to
®.Integrating Eq. (18) once with respect to @ yields:

1 1
P—Vu+§ocu2+§/3u3+u’/:0. (19)

where P is an integral constant that could be determined later.

Taking the homogeneous balance between * and «” in Eq.
(19), we obtain N = 1. Therefore, the solution of Eq. (19) is of
the form

u(®) = ay+ay(d+ H) + by (d+ H) ", (20)

where ag, a, by and d are constants to be determined.

Substituting Eq. (20) together with Egs. (5) and (6) into Eq.
(19), the left-hand side is converted into polynomials in
d+H W=0,12, --) and (d+ H)™ (N=0,1.2,-).
We collect each coefficient of these resulted polynomials to
zero, yields a set of simultaneous algebraic equations (for sim-
plicity which are not presented here) for aq, ai, by, d and V.
Solving these algebraic equations with the help of symbolic
computation software, we obtain following:

. m a_lﬁml
T 24pm ' A4

Ao
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_ 1 2.2 2
V= 4A25(A o2 + 8ERY + 2B),
_ . x 2 2 42
pP= WA (24EBY + 6B* B + o A7). (21)

where y = 4 — C, m| = :t\/%, my = —(Aom; — 12dyy — 6B)
A, B, C and E are free parameters.

Substituting Eq. (21) into Eq. (20), along with Eq. (7) and
simplifying yields following traveling wave solutions (if
C; = 0but C,#0 and C, = 0 but C; #0), respectively:

1 X Va
ulo((l)) = Tﬁn’ll {mz —+ ﬁm12l//d+ B+ \/ﬁcoth <2A(I)) },
f
1 ) VQ , : , .
up (@) = W my + pmi2yd + B + VvQtanh ﬁ(l) , Figure 1  Single soliton wave, the shape of solution of u;o(®)
s with A=4, B=1, C=1, E=1,0a=1, =1, d=1 with
where ® = x — {74/112/3 (A*® + SEPY + 232[3)}1. —10<x, 1< 10.

Substituting Eq. (21) into Eq. (20), along with Eq. (8) and
simplifying, the obtained exact solutions become (if C; = 0
but C, #0;C, = 0 but C; #0), respectively:

V—Q

1 —
U (@) :Mm{n12+ﬁm%2gbd+3+i\/§cot (2/4(D>}7 0

{mz + pm22yd + B — ivQtan (m

3(®) 24

)}

Substituting Eq. (21) into Eq. (20) together with Eq. (9) and
simplifying, we obtain

1
B 2Aﬁiﬂ]

1 5 (&)
=— 2pd+ B+2Y | ——
2Apm, {szrﬁml yd+B+ l)b<cl +C2(D>}’

Substituting Eq. (21) into Eq. (20), along with Eq. (10) and
simplifying, we obtain following traveling wave solutions (if
C; = 0 but C,#0;C, = 0 but C; #0), respectively:

U14((D)

1
e =5,

Substituting Eq. (21) into Eq. (20), together with Eq. (11)
and simplifying, our obtained exact solutions become (if
C, = 0but C,0; C, = 0 but C; #0), respectively:

up (@) = m {mz + 2/3mflﬁd+ WA cot <\/;—&(D) }7

s (@) = M%ﬁml {mz + 2Bm3yd — ivV/A tan (‘/j%) }

4. Physical explanation

iii.

In this section we will put forth the physical significances and
graphical representations of the obtained results of the simpli-
fied MCH equation and the (1 + 1)-dimensional combined
KdV-mKdV equation.

{mz + 2pm2yd 4+ V/Atanh (@ (I)> } ii.

4.1. Results and discussion

Solutions  u (@), ux(D), us(P), uz(P®), uio(P), u11(P),
u15(®) and wu;4(P) are hyperbolic function solutions.
Solutions u;(®), ug(P), u19(®P) and u;5(®P) are the single
soliton solution. Fig. 1 shows the shape of the exact sin-
gle soliton solution (only shows the shape of solution of
up(@ with4 =4, B=1,C=1,E=1,a=1,=1,
d = 1 with —10 < x, t < 10). The shape of figure of solu-
tions u;(®), us(®) and u;5(D) are similar to the figure of
solution u;o(®). Solutions u>(®) and u;(®) are the singu-
lar soliton solution. Fig. 2 shows the shape of the exact
singular soliton solution (only shows the shape of solu-
tion of wu;(®) with 4 =2, B=0, C=1, E=1,
k=1, =1,d=1 with —10 < x, ¢t < 10). The shape
of figure of solutions uy(®) are similar to the figure of
solution u7(®). Solutions u;,(®) and u;¢(P) are the Kink
solutions. Fig. 3 shows the shape of the exact Kink solu-
tion (only shows the shape of solution of u;;(®) with
A=2,B=0,C=1,E=1,a=1,=1,d=1with
—10 < x, 1 < 10).

Solutions  u3(®@), uy(®), ug(D), ug(®), (D), uy3(®),
u17(®) and u;g(P) are trigonometric function solutions.
Solutions u3(®) and u;,(®) are the single soliton solu-
tion. The shape of figure of solutions u3(®) and u;,(D)
are similar to the figure of solution u;o(®). Solutions
ug(D), u3(D), u;7(D), us(®) and u,3(P) are the exact peri-
odic traveling wave solutions. Fig. 4 below shows the
periodic solution of uy(®). Graph of periodic solution
of ug(®), for A =1, B=0, C=2, E=2, k=1,
d=1, =1 with =5 < x, t <5. For convenience the
figure is omitted. Solution ug(®) is the multiple soliton
solution. Fig. 5 shows the shape of the exact singular sol-
iton solution (only shows the shape of solution of ug(®)
with4=1,B=0,C=2E=1,k=1=1,d=1
with —1 < x, 1< 1).

Solutions us(®) and u4(®) are complex rational travel-
ing wave solutions. Solution us(®) is the single soliton
solution. The shape of figure of solution us(®) is similar
to the figure of solution u;o(®). Fig. 6 shows the shape of
the exact singular Kink solution (only shows the shape
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Figure 2 Singular soliton, the shape of solution of u;(®) with
A=2B=0,C=1,E=1,k=1,8=1,d=1with =10 < x,
1 < 10.

Figure 3  Kink solution, the shape of solution of u;;(®) with
A=2,B=0,C=1,E=1,a=1,=1,d=1with —10 < x,
t < 10.

Figure 4  Periodic solutions of ug(®), for 4 = 1, B =0, C = 2,
E=2k=1,d=1,=1with —=5<x, 1<5.

of solution of u14(®) with 4 = 1,B=2,C=2,E=1,
a=1,d=1, C; =2, Co=1, f=1 with —10 < x,
t < 10).

4.2. Graphical representation

The graphical demonstrations of obtained solutions for partic-
ular values of the arbitrary constants are shown in Figs. 1-6
with the aid of commercial software Maple.

5. Comparison

5.1. Comparison between Zayed (2011) solutions and our
solutions

Zayed (2011) considered solutions of the (I + 1)-dimensional
combined KdV-mKdV equation using the basic (G'/G)-expan-
sion method combined with the Riccati equation. The solu-
tions of the (1 + 1)-dimensional combined KdV-mKdV
equation obtained by the generalized (G’'/G)-expansion method
are different from those of the basic (G'/G)-expansion method
combined with the Riccati equation. Moreover, in Zayed

Figure 5  Multiple soliton solution, the shape of solution of ug(®)
with 4 =1, B=0,C=2, E=1, k=1, f=1, d=1 with
—1<x, <1,

Figure 6  Singular Kink solution, the shape of solution of u4(®)
withd =1,B=2,C=2E=1,0a=1,d=1,C, =2,C, = 1,
p =1 with —10 < x, 1 < 10.
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Table 1 Comparison between Liu et al. (2010) solutions and
our solutions.

Obtained solutions

LIfd=0,B=0,4=1,u(d)=u ),

Liu et al. (2010) solutions
i. If C, = 0, solutions Eq. (3.8)

becomes: B=a E=-u C= 2_# and
12(8) = = k(12 —4p) Q=7 - 4 then the solution is
g (4u—7"=2)a “ 7(5) o 6,((/«'2?4#)
x coth (i ’12*4uc,‘> . (4ui*2)a
5 .
/7% —dne
x coth (%)

ii. If C; = 0, solutions Eq. (3.8)
becomes:

I d=0,8=0,4=1,u(¢) = usa(d),
ﬂ:a,EzfyﬁC:j%;and
Q = /> — 4y then the solution is

u3g(&) ==+ (jt(:‘;ié))(,x

N 6k(4u?)

u34(8) = 4 /7=

cot( /—4#27/.;5)' 34(8) @uit2)a
x cot (7' 4;‘225)

HiL IF Q=22 —4u=0,
solutions Eq. (3.8) becomes:

us(&) = ilﬁi 2@

2C,-Ci1A)=CyiE C,C17)C2E
X( CE=Ton ) X( Gt )

ii. fd=—4,B=0,4=1,

us(¢p) = us(¢),f=a,E=0and C =0
then the solution is

u3(&) :ﬂ\/%iz\/%

iv. If C; = 0, solutions Eq. (3.10)

o
becomes: u) (&) = iy /(22(7'22:‘5‘;“
X coth (’%‘M)

v. If C; = 0, solutions Eq. (3.10)

- | 6k(4p—i*
becomes: w3 4(¢) = +i (4,1(,;.‘1:2)2

\/4“7/?5)

2

iv. Ifd=0,B=0,4=1,us(¢) = ur2(¢),
p=4a,E=—p,C=%and
A = /% — 4y then the solution is

% . ok(22 -4
ui,2(8) = i (4(:‘/1:2)5)

x coth (7“274“>
V. Ifd=0,B=0,4=1,us(¢) = u(¢),

p=4a,E=—p C=4 and
A = 7% — 4y then the solution is

o [ 6k(4u—i2)
u34(€) = £\ [ G
X cot ( 4“2”?5)

vi.lfd=—-4B=0,4=1,
us(#) = us(&), = ¢, E=0and C = 0
then the solution is

us(¢) = ii;,\/%?i 2,-\/%

«(S5E05)

X cot(

Vi. If Q=7 —4u=0,
solutions Eq. (3.10) becomes:

us(€) = iii,\/% + 2;‘\/%

2C—CLA)=Coié
X ( é(('\ ‘\ [&13) )

(2011) investigated the well-established (1 + 1)-dimensional
combined KdV-mKdV equation to obtain exact solutions
via the basic (G’/G)-expansion method and achieved only seven
solutions (see Appendix). Furthermore, nine solutions of the
well-known (1 + 1)-dimensional combined KdV-mKdV equa-
tion is constructed by applying the generalized (G'/G)-expan-
sion method. On the other hand, the auxiliary equation used
in this paper is different, so obtained solutions is also different.
Similarly for any nonlinear evolution equation it can be shown
that the generalized (G'/G)-expansion method is much easier
than other methods.

5.2. Comparison between Liu et al. (2010) solutions and our
solutions

Liu et al. (2010) investigated solutions of the well-established
simplified MCH equation via the (G’/G)-expansion method
wherein he used the linear ordinary differential equation
G" + AG' 4+ uG = 0 as auxiliary equation and traveling wave
solution was presented in the form u(¢) =37 ,a(G'/G),

where a,, # 0. It is noteworthy to point out that some of our
solutions are coincided with already published results, if
parameters taken particular values which authenticate our
solutions. The comparison of Liu et al. (2010) and the solu-
tions obtained in this article are given in: Table 1

In addition to this table, we obtain further new exact trav-
eling wave solutions u>(®), us(®), u7(®) and ue(®), which are
not reported in the previous literature (Liu et al., 2010). When
the arbitrary constants assume particular values the obtained
solutions reduce to some special functions. On the other hand,
the auxiliary equation used in this paper is different, so ob-
tained solutions is also different.

6. Conclusion

Some new exact traveling wave solutions of the simplified
MCH equation and the (1 + 1)-dimensional combined KdV-—
mKdV equations are constructed in this article by applying
the generalized (G’/G)-expansion method. The obtained solu-
tions are presented in terms of hyperbolic, trigonometric and
rational functions. Also, the solutions show that the applica-
tion of the method is trustworthy, straightforward and gives
many solutions. We have noted that the generalized (G'/G)-
expansion method changes the given difficult problems into
simple problems which can be solved easily. We hope this
method can be more effectively used to solve many nonlinear
partial differential equations in applied mathematics, engineer-
ing and mathematical physics.
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Appendix A

Zayed (2011) studied solutions of the (1 + 1)-dimensional
combined KdV-mKdV equation using the basic (G'/G)-expan-
sion method combined with the Riccati equation and achieved
the following calculations and exact solutions:

G [oongon A + A*Bfos + wZo A + 200 A*B — VAwy]
G[~ Vo B + aoyoy B+ Bfotoy + o AB® + 204 AB?)

1 1
G [i oot A + Azﬂa%ao] + G {5 ao? B? + Bzﬁoc%oco} (6)

1 1
G [§ P A* + 20<1A3} + G [§ Boi B + 20(133]
1 1
+C = Vog + 5 a0 + ococfAB+§ﬂaS =0.

2

Consequently the following algebraic equations

oo A + A2B[)’oc? + fx(z)alA/? + 20, A°B— VAo, =0,

—Voy B+ aogoy B+ B[i’océocl + [)’oc‘?AB2 + 20 AB* =0,

1
Eoca%Az + A*poday = 0,
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1

zocalB2+Bzﬁoc o =0,
Lo s 3
gﬁoclA‘ +2mmA4° =0,

1
5/3@33 +20 B =0,

1 1
C— Vo —0—5&«%—0—&0{%/43—1-5/3053:0. (7)

Which can be solved to get

—6 o o?
alfi 77 aof—ﬁ, I/VZ—E—"-.AB7
8uAB o?
= + 8
B 248 ®)
Substituting (3.8) into (3.4) yields
o —6/G o
we) == 2(5) - 5 ©)
Where
g:x+t(4ﬁ+4AB) (10)

According to general solutions of the Riccati equations,
(Zayed, 2011) got the following families of exact solutions:

Family 1. If 4 = =1 then
o —6
u(é) = 55 71seché, (11)
Or
o —6
u(é) = —— =+ /—icschi, 12
@ =-55%1/7 (12)
Whereg’:x+l§; andi:\/—l‘
Family 2. If 4 = B= +1, then
o -6
u(é)——z—ﬁ—ﬂl ﬂlsecg, (13)
Or
o —6
u(é) = —— =+ /—icscé, 14
@ =-55%1/5 (14)
Where §—x+t(“7; 1).
Family 3. If 4 = 1, B = —1, then

u() =

o —6 .
7ﬁj: \/%(cothgtanhf), (15)

Where & = x + t(4ﬁ 4).
Family 4. If A = B = 1, then

—;ﬁi\/%(coté+tang’), (16)

Wheref—x+t( +4)

u(é) =

Family 5. If 4 = 0, B#0, then

o —6 B
——t 17
28 B (Bif + Cl) (7
where & = x + tj—;.
The general

u(¢) =

solutions of the Riccati equations

G'(¢) = A + BG? are well known which are listed in the follow-
ing table:

A B The solution G(&)

: -1 tanhiiisechi,cothéiicschf,taqh%,coth%,

:I:% :I:% sec ¢ & tan Q:i:(csc.f—coté),itan§,¢cot§,

1 -1 tanh &, coth &

1 1 tan &, —coté

0 #0 BEre +c| where ¢, is an arbitrary constant.
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